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SUZUKI 2-GROUPS
SUMMARY
Suzuki 2-groups are studied: abelian of arbitrary exponent and nonabelian of exponent
4. For any Suzuki 2-group, one can associate a ground ﬁeld which makes the theory
of Suzuki 2-groups deeper. Let (G,T ) be a Suzuki 2-group of exponent 2n and I
be the subgroup of involutions in G. We put K = T/CT (I)∪{0} where 0 is a new
symbol. Then we can deﬁne the multiplication on K by extending the group operation
of T/CT (I) and addition on K by pulling back the group operation of I to K. Then K
becomes a ﬁeld where IT/CT (I) is isomorphic to the afﬁne group K+K with K+
and K are the additive and the multiplicative groups in K, respectively. Classiﬁcation
of a Suzuki 2-group (G,T ), means determining the structure of the group G which
admits such an action of T .
We proved uniqueness of an abelian Suzuki 2-group (G,T ) of any given exponent 2n
over a perfect ground ﬁeld K, by showing that G is isomorphic to the algebraic group
K× ...×K = Kn over K and G is an extension of the ﬁeld K by Kn−1.
Then, we analyzed the role of "perfectness" assumption on the ﬁeld, in case of
exponent 4, we provide a classiﬁcation of abelian Suzuki 2-groups of exponent 4
over an arbitrary ﬁeld in terms of a certain cohomological invariant. We proved that
there is a one-to-one correspondence between the family of abelian Suzuki 2-groups
of exponent 4 over a ﬁeld K of characteristic 2 and elements of a certain subset of the
2-dimensional cohomology group H2(K,K).
Nonabelian Suzuki 2-groups G of exponent 4 are classiﬁed into several types. One
type appears when G is free over a perfect ﬁeld K such that for any element g ∈G, the
subgroup < gT > is abelian. We call G a quasi-abelian Suzuki 2-group and give the
classiﬁcation in terms of a map f : K×K → K satisfying certain properties. Another
type of G, which we call smart Suzuki 2-group, is a nonabelian Suzuki 2-group of
exponent 4 where T acts freely and transitively on G/I. In this case, we introduce
a pair of ﬁelds K and k of characteristic 2 which we call the wide and the narrow
ﬁelds associated to G, respectively. We describe the group structure in terms of the
characteristic map α : K → k. We provide also some examples of nonabelian Suzuki
2-groups and give some criteria for the existence of their linear presentation by 3× 3
matrices.
ix
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SUZUKI˙ 2-GRUPLARI
ÖZET
Sonsuz Suzuki 2-gruplarının iki türü incelenmis¸tir: Herhangi bir mertebede abelyen
gruplar ve dördüncü mertebede abelyen olmayan gruplar. Bir Suzuki 2-grubu,
Suzuki 2-gruplar teorisini derinles¸tiren bir temel cisim ile es¸les¸tirilebilir. (G,T )
mertebesi 2n olan bir Suzuki 2-grubu ve I, G’nin involusyon altgrubu olsun. K =
T/CT (I) ∪ {0} olarak adlandırıp, K üzerinde çarpma is¸lemini T/CT (I) grubunun
is¸lemini genis¸leterek ve toplama is¸lemini ise, involusyon grubunun is¸lemini kullanarak
tanımlarsak, K bir cisim olus¸turur ve I T/CT (I), K+K ile izomorﬁk olur. Bir
Suzuki 2-grubu (G,T )’nin sınıﬂandırılması, T ’nin üzerinde etki ettig˘i G grubunun
yapısının belirlenmesidir.
Abelyen Suzuki 2-grupları için belli bir kohomolojik deg˘is¸mez cinsinden sınıﬂandırma
yapılmıs¸tır. Bu sınıﬂandırmada, özel olarak, yetkin bir cisim K üzerinde, mertebesi
2n olan Suzuki 2-grupları (G,T )’nin teklig˘i ispatlanmıs¸tır ve G’nin cebirsel grup
K × ...× K = Kn ile izomorf oldugu; G’nin, K cisminin Kn−1 ile bir genis¸lemesi
oldug˘u gösterilmis¸tir. Karakteristig˘i 2 olan herhangi bir cisim K üzerinde, mertebesi
4 olan abelyen Suzuki 2-grupları ile ikinci kohomolojik grup H2(K,K)’nin belli bir
altkümesinin elemenları arasında birebir es¸les¸tirme oldug˘u ispatlanmıs¸tır.
Dördüncü mertebeden abelyen olmayan Suzuki 2-grupları birkaç farklı tipte
sınıﬂandırılmıs¸tır. (G,T ), yetkin bir cisim K üzerinde, 4. mertebeden abelyen olmayan
bir Suzuki 2-grup ve G’nin her elemanı g için, < gT > altgrubu abelyen ise, G
quasi-abelyen Suzuki 2-grup olarak adlandırılmıs¸tır ve sınıﬂandırması, belli s¸artları
sag˘layan f : K×K →K fonksiyonu cinsinden yapılmıs¸tır. Smart Suzuki 2-grup olarak
adlandırılan bas¸ka bir çes¸it grup ise T ’nin, G/I üzerinde serbest ve geçis¸li etki ettig˘i
gruptur. Bir Smart Suzuki 2-grubu için karakteritig˘i 2 olan bir genis¸ cisim K ve bir
dar cisim k tanımlanmıs¸tır ve bu grupların yapısı grubun karakteristik fonksiyonu
α : K → k kullanılarak açıklanmıs¸tır. Abelyen olmayan Suzuki 2-grup örnekleri
verilmis¸ ve bu grupların 3 × 3 matrislerle temsil edilebilmeleri için bazı kriterler
verilmis¸tir.
xi
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1. INTRODUCTION
1.1 Background
Finite Suzuki 2-groups were introduced in connection with the classiﬁcation of
Zassenhaus groups which was accomplished by M. Suzuki, G. Higman [2], N. Ito [3]
and W. Feit [4]. A Zassenhaus group is a permutation group acting doubly transitively
on a ﬁnite set such that nontrivial elements ﬁx at most two points in the set [5].
The degree of a Zassenhaus group is the number of elements in the set. Suzuki
classiﬁed Zassenhaus groups of odd degree [6]. During his studies, Suzuki needed
the classiﬁcation of ﬁnite nonabelian 2-groups with more than one involution, having
a cyclic group of automorphisms which permutes its involutions transitively. Higman
classiﬁed these groups and called them Suzuki 2-groups [2].
A. Nesin and M. Davis extended Higman’s deﬁnition to the case of inﬁnite groups.
Instead of cyclic group T , they considered an abelian group of automorphisms and
deﬁned a Suzuki 2-group as a pair (G,T ) of groups where G is a nilpotent 2-group
of bounded exponent endowed with an action of an abelian group T that acts on G by
group automorphisms and which is transitive on the involutions of G [1]. Classiﬁcation
of abelian Suzuki 2-groups of exponent 4 over a perfect ﬁeld of characteristic 2 is
given by A. Nesin and M. Davis. T. Altınel, A. Borovik and G. Cherlin deﬁned a
Suzuki 2-group in a similar way to A. Nesin, sometimes they remove the condition
of bounded exponent [7], [8]. They have some results related to model theory. A.
Nesin and M. Davis proved that an inﬁnite free Suzuki 2-group of ﬁnite Morley rank
is abelian. They also obtained some interesting results about abelian Suzuki 2-groups
over perfect or quadratically closed ﬁelds. T. Altınel, A. Borovik and G. Cherlin proved
that an inﬁnite free Suzuki 2-group of ﬁnite Morley rank is abelian and homocyclic [8].
In this thesis, we are not involved in model theory and our considerations are purely
1
group theoretic. We make use of A. Nesin’s deﬁnition of a Suzuki 2-group in this
thesis. Classiﬁcation of a Suzuki 2-group (G,T ), means determining the structure of
the group G, that is, which group G admits such an action of T .
1.2 An Overview of the Thesis
1.2.1 Principal Results of the Thesis
We developed and generalized the result of A. Nesin and M. Davis [1] from abelian
Suzuki 2-groups of exponent 4 over a perfect ﬁeld to any exponent. We proved that
Theorem 1.2.1 Let G be an abelian Suzuki 2-group of exponent 2n, n ≥ 1, over a
perfect ﬁeld K. Fix an element g ∈ G of order 2n and let gm = g2m for m= 1, ...,n−1.
Then, for all y ∈ K, we have
ggy = g1+y
n−1
∏
i=1
g∑
2i−1
k=1 y
(2k−1)/2i
i (1.1)
for n≥ 2 (and ggy = g1+y for n= 1).
Then, we analyzed the role of "perfectness" assumption on the ﬁeld, in case of
exponent 4, and we classiﬁed abelian Suzuki 2-groups over an arbitrary ﬁeld obtaining
the following results:
Theorem 1.2.2 Let (G,T ) be an abelian free Suzuki 2-group of exponent 4 over the
ground ﬁeld K and f be the 2-cocycle associated to G and h :K →K2 be a map deﬁned
by h(x) = f (x)2 for all x ∈ K. Then h satisﬁes the following equalities: for all x ∈ K,
y ∈ K \{0,1},
h(y) = y2h(y−1) (1.2)
h(x+ y)+ y2h(xy−1) = h(y)+(1+ y)2h(x(1+ y)−1) (1.3)
h|K2 = IdK2 . (1.4)
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Conversely, assume that K is a ﬁeld of characteristic 2 and that h : K → K2 is a map
satisfying the equalities (1.2), (1.3) and (1.4). Let G= K×K, T = K and f : K → K
be a map deﬁned by f (x) =
√
h(x) for all x∈K. We deﬁne the multiplication operation
on G by
(x1,y1)(x2,y2) = (x1+ x2,y1+ y2+ x1 f (x2x−11 )),
(x,y1)(0,y2) = (0,y1)(x,y2)(0,y1+ y2) (1.5)
for all xi ∈ K \ {0}, x,yi ∈ K, i = 1,2, and the action of T on G by componentwise
multiplication. Then (G,T ) is an abelian free Suzuki 2-group of exponent 4 over K.
Corollary 1.2.1 There is a one-to-one correspondence between the set of maps h :
K → K2 satisfying (1.2), (1.3), (1.4) and the set of equivalence classes of abelian
free Suzuki 2-groups G of exponent 4 over a (not necessarily perfect) ﬁeld K of
characteristic 2.
Furthermore, we made an interpretation of these groups via cohomology theory and
made a relation between abelian Suzuki 2-groups of exponent 4 and the second
cohomology group by proving the following result:
Theorem 1.2.3 There is a one-to-one correspondence between the family of abelian
Suzuki 2-groups of exponent 4 over a ﬁeld K of characteristic 2 and elements of a
certain subset of the 2-dimensional cohomology group H2(K,K).
We study two different types of nonabelian Suzuki 2-groups of exponent 4, that we
call quasi-abelian Suzuki 2-groups and smart Suzuki 2-groups. A quasi-abelian Suzuki
2-group (G,T ) is a nonabelian free Suzuki 2-group (G,T ) of exponent 4 over a perfect
ﬁeld K of characteristic 2, such that for any element g ∈ G, the subgroup < gT >
is abelian. We proved that in a quasi-abelian Suzuki 2-group (G,T ), the quotient
G/I of G by its involutions I, becomes a vector space over K. If dimension of G/I
over K is equal to n− 1 for some n ∈ N, then (G,T ) is called an n-dimensional
quasi-abelian Suzuki 2-group. We ﬁrst classify 3-dimensional quasi-abelian Suzuki
3
2-groups in terms of a map f : K×K → K satisfying certain properties and then we
extend our results to classify n-dimensional quasi-abelian Suzuki 2-groups by proving
the following theorems:
Theorem 1.2.4 Let (G,T ) be 3-dimensional quasi-abelian Suzuki 2-group over K.
Assume that {g,h} is a basis for G/I over K for g,h ∈ G with g2 = h2 = a. Then
there exists a K-multiplicative, biadditive, surjective map f : K ×K → K such that
hygx = gxhya f (y,x) and f (x,y) = x+ y for all (x,y) ∈ K×K.
Conversely, let f : K×K → K be a K-multiplicative, biadditive, surjective map with
f (x,y) = x+ y for any x,y ∈ K×K. Let G = K×K×K and T = K. Deﬁne the
multiplication operation on G by
(x1,y1,z1)(x2,y2,z2) = (x1+ x2,y1+ y2, f (y1,x2)+
√
x1x2+
√
y1y2+ z1+ z2).
(1.6)
Then (G,T ) is a quasi-abelian Suzuki 2-group over the ﬁeld K and the action of T on
G is componentwise multiplication.
Theorem 1.2.5 Let (G,T ) be an (n+1)-dimensional quasi-abelian Suzuki 2-group
over K, n ∈ N. Then there exist g1, ...,gn ∈ G such that
g21 = ...= g
2
n = a and {g1, ...,gn} is a basis for G/I over K. Furthermore any element
in G can be written uniquely as gx11 ...g
xn
n a
y for xi,y ∈ K, i = 1, ...,n and there exist
K-multiplicative, biadditive, surjective maps fi j : K×K → K i, j = 1, ...,n; i < j such
that
f12(x1,x2)+ ...+ f1n(x1,xn)+ f23(x2,x3)+ ...+ f2n(x2,xn)+ ...
+ fn−2,n−1(xn−2,xn−1)+ fn−2,n(xn−2,xn)+ fn−1,n(xn−1,xn)
= x1+ ...+ xn (1.7)
for all (xi,x j) ∈ K×K with at least two nonzero elements xm,xs ∈ K for some m,s ∈
{1, ...,n} and
gxii g
x j
j = g
x j
j g
xi
i a
fi j(xi,x j) (1.8)
4
for all (xi,x j) ∈ K×K.
Conversely, assume that fi j : K ×K → K i, j = 1, ...,n; i < j are K-multiplicative,
biadditive, surjective maps satisfying the inequality (1.7). Let G= K× ...×K = Kn+1
and T = K. Deﬁne the multiplication operation on G by
(x1, ...,xn,z1)(y1, ...,yn,z2) = (x1+ y1, ...,xn+ yn,
f1,2(y1,x2)+ ...+ f1,n(y1,xn)+ f2,3(y2,x3)
+ ...+ f2,n(y2,xn)+ ...+ fn−1,n(yn−1,xn))
+
√
x1y1+ ...+
√
xnyn+ z1+ z2) (1.9)
Then T acts on G by componentwise multiplication and (G,T ) is an (n+1)-dimensional
quasi-abelian Suzuki 2-group over K.
A smart Suzuki 2-group (G,T ) is a nonabelian Suzuki 2-group of exponent 4 where
T acts transitively and freely on G/I. We described the group structure of a smart
Suzuki 2-group in terms of a certain function α : K → k relating a pair of ﬁelds of
characteristic 2 in the following result:
Theorem 1.2.6 The characteristic map between the wide and narrow ﬁelds associated
to a smart Suzuki 2-group determine the structure of the Suzuki 2-group. That is, if
(Gi,Ti) are smart Suzuki 2-groups with the ﬁeld isomorphismsΨ :K1 →K2,Φ : k1 → k2
such that the diagrams
K1×K1 −−−→ K2×K2
β1
 β2

k1
φ−−−→ k2
(1.10)
K1
Ψ−−−→ K2
α1
 α2

k1
φ−−−→ k2
(1.11)
commute, then G1 and G2 are isomorphic Suzuki 2-groups.
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1.2.2 The Content of the Thesis
In the second chapter of the thesis we give basic deﬁnitions and facts about Suzuki
2-groups.
In the third chapter, we start with the classiﬁcation of abelian Suzuki 2-groups of
exponent 8 over a perfect ﬁeld K of characteristic 2. Then we generalize our result
to the case of exponent 2n. We proved that if (G,T ) is an abelian Suzuki 2-group of
exponent 2n over a perfect ﬁeld K, then G is an extension of K by Kn−1, in other words,
G is an extension of K by the subgroup of G of exponent 2n−1. This classiﬁcation
implies uniqueness of an abelian Suzuki 2-group of any given exponent 2n over a
perfect ﬁeld K.
In chapter four, we drop the condition on the ﬁeld that it is perfect and obtain results
about abelian Suzuki 2-groups of exponent 4 over a ﬁeld of characteristic 2. We
introduce an invariant h :K →K2 satisfying certain properties, and give a classiﬁcation
of those groups by this invariant. Alternatively, we provide another classiﬁcation
in terms of a certain cohomological invariant. Namely, we proved that there is a
one-to-one correspondence between the family of abelian Suzuki 2-groups of exponent
4 over an arbitrary ﬁeld K of characteristic 2 and elements of a certain subset of the
2-dimensional cohomology group H2(K,K).
The ﬁfth chapter of this thesis is devoted to nonabelian Suzuki 2-groups (G,T ) of
exponent 4 over a ﬁeld of characteristic 2. We classify these groups into several types.
When G is free over a perfect ﬁeld such that for any element g ∈ G, the subgroup
< gT >=< {gt : t ∈ T}> is abelian, we call G a quasi-abelian Suzuki 2-group and give
a classiﬁcation in terms of a map f : K×K → K satisfying certain properties. When
the ground ﬁeld is not perfect, under the assumption that T acts freely and transitively
on the quotient G/I of G by the central subgroup of involutions I, we introduce smart
Suzuki 2-groups and describe the group structure in terms of a so called characteristic
map α : K → k of G relating a pair of ﬁelds K and k (the wide and narrow ﬁelds) of
characteristic 2 where the additive groups K+ and k⊕ of ﬁelds are isomorphic to T and
6
T/CT (I), respectively. We provide also some examples of nonabelian Suzuki 2-groups
and give some criteria for the existence of their linear presentation by 3×3 matrices.
7
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2. PRELIMINARIES
2.1 Basic Deﬁnitions and Notations
Recall that a 2-group is a group whose elements have orders a power of 2. An element
of order 2 of a group is called an involution. If A is a group, A denotes the set of
nontrivial elements in A. For a ∈ A, ◦(a) denotes the order of the element a. O2(A)
denotes the largest normal 2-subgroup of A, that is, O2(A) is the product of all normal
2-subgroups of A. This makes sense since the product of two normal 2-subgroups is
again a normal 2-subgroup of A.Furthermore, O2(A) is a characteristic subgroup of A,
since automorphisms map normal 2-subgroups to normal 2-subgroups. If A is ﬁnite
and has a normal Sylow 2-subgroup P, then P= O2(A).
If A acts on a set X , then the centralizer of X in A is the subgroup
CA(X) = {a ∈ A : xa = x,∀x ∈ X}. (2.1)
We say that A acts transitively on X if for any x,y ∈ X , there is a ∈ A such that xa = y.
If B, C are groups, then an extension of B by C is a group A having a normal subgroup
B1 ∼= B with A/B1 ∼=C.
Let G be a (not necessarily normal) subgroup of a group Γ. Then a subgroup Q in Γ is
a complement of G in Γ if G
⋂
Q = 1 and GQ = Γ. A group Γ is a semidirect product
of a group G by a group T , denoted Γ = G T , if G  Γ and G has a complement
Q T . We say that Γ splits over G.
Let G be a group.
(i)The series
1 = Z0(G)⊂ Z1(G)⊂ ...⊂ Zn(G)⊂ ... (2.2)
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where Z0(G) = 1, and Z(G/Zi(G)) = Zi+1(G)/Zi(G) for i= 0,1, ...,n−1 is called the
upper central series (or ascending central series) of G.
(ii) The series
...⊂ G(n) ⊂ G(n−1) ⊂ ...⊂ G1 ⊂ G(0) = G (2.3)
where G(0) = G and G(i+1) = [G(i),G] for i = 1, ...,n− 2 is called the lower central
series (or descending central series) of G.
A group G is called nilpotent, if Zn(G) =G (or equivalently f Gn = 1) for some n ∈N.
The smallest such n is called the nilpotency class of G.
Let G be a group. If for some n∈N, every element of G has order≤ n, then G is said to
have ﬁnite exponent or bounded exponent. The smallest such n is called the exponent
G, denoted by exp(G) = n.
A subgroup H of a group G is said to be a pure subgroup of G, if for all h ∈ H and
n ∈ N, if there is g ∈ G such that gn = h, then there is k ∈ H such that kn = h.
If K is a ﬁeld, K+ and K denote the additive and multiplicative groups in K,
respectively. K is said to be perfect if either it has characteristic 0 or it has prime
characteristic p and every λ ∈ K has a p-th root in K.
Let K be a ﬁnite ﬁeld of characteristic p. Then the map σp : L→K deﬁned by σp(x) =
xp, x ∈ K is map σp is called the Frobenius automorphism of K.
2.2 Properties of Suzuki 2-Groups
2.2.1 Notation and Terminology
A Suzuki 2-group is a pair (G,T ) of groups where G is a nilpotent 2-group of bounded
exponent and T is an abelian group that acts on G by group automorphisms and which
is transitive on the involutions of G. Sometimes we say that GT is a Suzuki 2-group
or simply G is a Suzuki 2-group. From now on (G,T ) denotes a Suzuki 2-group. For
each n ∈ N, we deﬁne
In = {g ∈ G : g2n = 1}. (2.4)
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So, I1 = I is the set of involutions in G.
(G,T ) is a free Suzuki 2-group if T acts freely on G, that is, if gt = g for g ∈ G and
t ∈ T implies either g= 1 or t = 1. (G,T ) is an abelian Suzuki 2-group if G is abelian.
If IT/CT (I) is isomorphic to the afﬁne group K+K for some ﬁeld K, then we
will say that (G,T ) is a Suzuki 2-group over the ﬁeld K and K is denoted by K(G).
2.2.2 Introducing a Field in a Suzuki 2-Group [1]
If (G,T ) is a Suzuki 2-group, then we can interpret a ﬁeld in GT . Put K = T/CT (I)∪
{0} where 0 is a new symbol. We deﬁne the "multiplication" on K as the operation
extending the group operation of T/CT (I) by the rule
T/CT (I).0 = 0 = 0.T/CT (I). (2.5)
To deﬁne the "addition" on K, we start by ﬁxing an involution i ∈ I. For t ∈ T/CT (I),
it is already well-deﬁned, extend this to K by i0 = 1. Then we pull back the group
operation of I to K deﬁning
it+s = it is (2.6)
for t,s ∈ K.
Lemma 2.2.1 K becomes a ﬁeld with the operations deﬁned above.
Proof. Since T acts transitively on I, iK = I. Since T/CT (I) acts freely on I, the
map t → it is a bijection between K and I. We use this map to pull back the group
operation of I to K deﬁning it+s = it is for t,s ∈ K. Then K becomes a ﬁeld with
IT/CT (I) K+×K. K is of characteristic 2 since T/CT (I) acts freely on I and so
1 = i0 = it+t implies t+ t = 0 for all t ∈ K. 
We call K the ground ﬁeld associated to G.
2.2.3 Some Fundamentals about Suzuki 2-Groups
The following useful facts are extracted from A. Nesin and M. Davis [1]. We provide
proofs whenever they are omitted in the original.
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Lemma 2.2.2 I is a central subgroup of G and for each n ∈N, In is a T-normal subset
of G.
Proof. Since G is nilpotent, Z(G) is nontrivial. Let g ∈ Z(G). Since G is a 2-group
of bounded exponent, the order of g is 2k for some k ∈ N. Then g2k−1 is an involution
in Z(G). Put a = g2
k−1
. Since T acts transitively on I and Z(G) is a characteristic
subgroup of G, for any b ∈ I, there is t ∈ T with b = at ∈ Z(G). Thus, I is a central
subgroup of G.
Since T acts by automorphisms on G, T maps elements of order 2n, to the elements of
the same order, therefore In is a T-normal subset of G. 
Lemma 2.2.3 (G,T/CT (G)) is a Suzuki 2-group. Therefore, replacing T by T/CT (G)
if necessary, without loss of generality we may assume that T acts faithfully on G.
Proof. It is enough to show that T/CT (G) acts transitively on I. Put t = tCT (G) for
any t ∈ T . If a,b ∈ I, then since T acts transitively on I, a= bt = bt for some t ∈ T . 
Lemma 2.2.4 Assume Z(G) has an element of order 2n. Then In ≤ Z(G) and T acts
transitively on In/In−1. Thus, G/In−1 is also a Suzuki 2-group.
Proof. Proof is by induction on n. Assume that the statement is true for n. Suppose
Z(G) has an element z of order 2n+1. We need to show that In+1 ≤ Z(G). Now z∈ Z(G)
implies z2 ∈ Z(G), i.e., Z(G) has an element z2 of order 2n. Then by induction In ≤
Z(G), T acts transitively on In/In−1 and G/In−1 is a Suzuki 2-group. Take any g∈ In+1.
Then g2,z2 ∈ In ≤ Z(G). Since T acts by group automorphisms on G and transitively
on In/In−1, there exists t ∈ T such that g2In−1 = (z2In−1)t = (zt)2In−1. Since z ∈ Z(G),
g−2(zt)2 = (g−1zt)2 ∈ In−1 and g−1zt ∈ In ≤ Z(G). Now, z∈ Z(G) implies g−1 ∈ Z(G),
i.e., g ∈ Z(G). Therefore, In+1 ≤ Z(G).
In order to show that T acts transitively on In+1/In, take any aIn,bIn ∈ In+1/In. Then
a2In−1,b2In−1 ∈ In/In−1 and since T acts transitively on In/In−1 by induction, there
exists t ∈ T with (a2)t In−1 = b2In−1 i.e. (at)2b−2 ∈ In−1 and (atb−1)2 = (at)2b−2 ∈
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In−1 since a,b ∈ In+1 ≤ Z(G). Then atb−1 ∈ In and atIn = bIn. Therefore, T acts
transitively on In+1/In and G/In−1 becomes a Suzuki 2-group. 
Lemma 2.2.5 If A and B are T-normal subgroups of an abelian Suzuki 2-group G,
then exp(A) = exp(B) if and only if A= B.
Proof. If A=B then exp(A)= exp(B). Conversely, assume that exp(A)= exp(B)= 2n.
Take any a ∈ A, b ∈ B with ◦(a) = ◦(b) = 2n. Now since G is abelian, by Lemma
2.2.3, T acts transitively on In/In−1 and there exists t ∈ T with bIn−1 = atIn−1, i.e.,
b−1at ∈ In−1 and for some i ∈ In−1, b= ati ∈ A. Thus, A= B. 
Lemma 2.2.6 Let (G,T ) be abelian. Let H be a T-normal subgroup of G. Then
H = Im = {[h, t] : h ∈ H}=< hT > (2.7)
for some m ∈ N, for ﬁxed t ∈ T/CT (I) and any h ∈ H of maximal order.
Proof. Since G is abelian, for h,x ∈ H, [h, t][x, t] = h−1htx−1xt = h−1x−1htxt =
(hx)−1(hx)t = [hx, t]. Thus, {[h, t] : h ∈ H} =< [h, t] : h ∈ H >. If exp(H) = 2m,
then since exp({[h, t] : h ∈ H}= exp(< hT >) = exp(H) = 2m = exp(Im), by Lemma
2.2.4, we have H = Im = {[h, t] : h ∈ H}=< hT >. 
Lemma 2.2.7 If t ∈ T centralizes an element g ∈ G then t centralizes all the
involutions of G.
Proof. Assume t ∈ T centralizes an element g ∈ G. Then since G is of bounded
exponent, ◦(g) = 2m for some m ∈ N. Then t centralizes g2m−1 which is an involution.
Put a = g2
m−1
. If b ∈ I, then b = as for some s ∈ T . Then bt = (as)t = ast = ats =
(at)s = as = b. Then t centralizes all the involutions of G. Thus, for any i ∈ I,
CT (i) =CT (I) =
⋃
g∈G
CT (g). (2.8)

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Lemma 2.2.8 If t ∈ O2(T ) with t2 ∈CT (I) then t ∈CT (I).
Proof. If it = i then t ∈ CT (i) = CT (I). Otherwise, (iit)t = it it2 = it i = iit , so again
t ∈CT (iit) =CT (I). 
Theorem 2.2.1 Assume (G,T ) is faithful and abelian. Then O2(T ) = CT (I) and
O2(T ) has exponent at most exp(G). Furthermore, T = O2(T )⊕S for some subgroup
S of T and the group (G,S) is a free Suzuki 2-group.
Proof. For the proof we need the following lemma:
Lemma 2.2.9 If B ≤ A is a pure subgroup of ﬁnite exponent of the abelian group A
then B splits in A, i.e., there is a C ≤ A such that A= B⊕C.
Proof of Theorem 2.2.1.. Take any nontrivial t ∈ CT (I). Then by Lemma 2.2.6, t
centralizes a nontrivial element g ∈ G. But then t centralizes the nontrivial T-normal
subgroup < gT > as for s ∈ T , (gs)t = gst = gts = (gt)s = gs. If g has no square root,
then by Lemma 2.2.4, < gT >= G, and since T acts faithfully on G, t = 1 which is a
contradiction. Thus, g has a square root, say g1 ∈ G. Then g = gt = (g21)t = g21 and
since G is abelian, (g21)
−tg21 = (g
−t
1 g1)
2 = 1 and the element g−t1 g1 is in I, and so is
ﬁxed by t. Hence, g−11 g
t
1 = (g
−t
1 g1)
−1 = g−t1 g1 = (g
−t
1 g1)
t = g−t
2
1 g
t
1 and t
2 ﬁxes g1.
Continuing this process, we obtain that t2
2
ﬁxes g2 where g22 = g1, and so on. Since
G is of ﬁnite exponent, after k steps, for some k ∈ N, we get a square free element
gk ∈G which is ﬁxed by t2k . Now since < (gk)T >=G, t2k = 1 and t ∈O2(T ). Hence,
CT (I)≤ O2(T ).
Now we shall show that O2(T ) ≤ CT (I). Take any t ∈ O2(T ). Then t2k = 1. Then
t2
k−1 ∈O2(T ) with (t2k−1)2 = 1∈CT (I). Applying Lemma 2.2.7 k−1 times, we obtain
that t ∈CT (I). Therefore, CT (I) = O2(T ).
By Lemma 2.2.8, now since O2(T ) is a pure subgroup of ﬁnite exponent in T we have
T = S⊕O2(T ) for some S ≤ T . Since the action of T on I is induced by S, (G,S) is
a Suzuki 2-group. Since T = S⊕O2(T ) and O2(T ) =CT (I) = ⋃g∈GCT (g), (G,S) is
free. 
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Lemma 2.2.10 Any nontrivial T-normal subgroup of a (free) Suzuki 2-group contains
involutions and therefore is a (free) Suzuki 2-group.
Proof. Let H be a nontrivial T-normal subgroup of a Suzuki 2-group G. Take any
h ∈ H. Since G is of bounded exponent, ◦(h) = 2k, k ∈ N. Then h2k−1 is an involution
in H. Let a ∈ I. Since T acts transitively on involutions, there is t ∈ T with a =
(h2
k−1
)t ∈ Ht = H as H is T-normal. 
Lemma 2.2.11 Let G be abelian of exponent 4 over K. Let g ∈ G be a ﬁxed element
of order 4 with a = g2. Then every element of G can be written as gxay for unique
x,y ∈ K.
Proof. By Theorem 2.2.1, we may assume that G is free. Take any h ∈ G. Then
h2 = (g2)x, x ∈ K. Since G is abelian, (hg−x)2 = h2(g−x)2 = 1, so hg−x ∈ I, and
hg−x = ay, y ∈ K, i.e., h= gxay.
Uniqueness: If h= gxay = gtas for some x,y, t,s∈K, then ax = (gxay)2 = (gtas)2 = at .
Since G is free we have x= t which implies y= s. 
Lemma 2.2.12 Let (G,T ) be abelian, free of exponent 4 over K. Let g ∈ G be an
element of order 4 with g2 = a. Then G =< gT > and there is a map f : K → K such
that ggx = g1+xa f (x) for all x ∈ K.
Proof. Take any h ∈ G, then h2 ∈ I so h2 = (g2)t for some t ∈ T . But then hg−t ∈ I
and h ∈ gtI ⊆< gT >. Thus, G =< gT >. Now, for any x ∈ K, ggx = gy modI, for
some y ∈ K and squaring gives aax = ay, i.e., a1+x = ay. Since G is free, 1+x= y and
ggx = g1+xa f (x). 
Lemma 2.2.13 For x,y ∈ G, xI = yI if and only if xy= yx and x2 = y2.
Proof. Fix i ∈ I. Assume xI = yI, then xi= y j for some j ∈ I, i.e., x= y ji. Now since
I ⊆ Z(G), xy= y jiy= yy ji= yx and since xi= y j, x2 = x2i2 = (xi)2 = (y j)2 = y2 j2 =
y2.
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Conversely, xy = yx and x2 = y2 implies that (y−1x)2 = y−1xy−1x = y−1y−1xx =
y−2x2 = y−2y2 = 1 that is, y−1x ∈ I and xI = yI. 
Proposition 2.2.1 Let G be (free) of exponent at least 4 such that I2 is an abelian
group. Then G/I is also a (free) Suzuki 2-group. Furthermore K(G/I) = K(G).
Proof of Proposition 2.2.1.
Lemma 2.2.14 G/I is Suzuki 2-group.
Proof of Lemma 2.2.14. It is enough to show that T acts transitively on the set of
involutions of G/I. Let x¯, y¯ be two involutions of G/I. Then I = (xI)2 = x2I, x2 ∈ I,
similarly y2 ∈ I = I1 so x,y ∈ I2. Since T acts transitively on I, there exists t ∈ T with
(xt)2 =(x2)t = y2. Now since x,y∈ I2 and I2 is abelian we have (xty−1)2 =(xt)2y−2 = 1
so xty−1 ∈ I and xtI = yI. Hence, T acts transitively on involutions of G/I and G/I is
a Suzuki 2-group.
Lemma 2.2.15 G/I is free when G is free.
Proof of Lemma 2.2.15. Let x ∈ G, t ∈ T be such that x¯t = x¯ in G/I. xtI = xI implies
that xt = xi for some i ∈ I and so (xt)2 = x2. Since T acts on G by automorphisms,
(x2)t = (xt)2 = x2. But G is a free Suzuki 2-group, thus either t = 1 or x2 = 1, i.e.,
x¯= I.
Lemma 2.2.16 K(G) = K(G/I).
Proof of Lemma 2.2.16. Since K(G) = (T/CT )
⋃{0} and K(G/I) =
(T/CT (I2/I))
⋃{0} where I and I2/I are the sets involutions of G and G/I it is enough
to show that CT (I) = CT (I2/I) so that the elements of the ﬁelds are the same and in
this case the ﬁeld multiplication induced from the operation in T is the same and that
the ﬁeld addition is the same, i.e., t+ s= u in K(G) if and only if t+ s= u in K(G/I).
There is a one-to-one correspondence between I2/I and I mapping jI ∈ I2/I onto j2 ∈ I.
Since I2 is abelian, for x,y ∈ I2, by Lemma 2.2.13, x2 = y2 implies that xI = yI. Now
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t ∈ T centralizes xI ∈ I2/I if and only if x−1xt ∈ I if and only if 1= (x−1xt)2 = x−2(x2)t ,
(x2)t = x2 if and only if t centralizes x2 ∈ I. So, CT (I) =CT (I2/I).
Next assume t + s = u in K(G) and let x ∈ I2 \ I. Then since x2 ∈ I, (xtxs)2 =
(x2)t(x2)s = (x2)t+s = (x2)u = (xu)2. Also, (xtxs)xu = xu(xtxs). But then by lemma
2.2.13, xtxsI = xuI, that is, (xI)t(xI)s = (xI)u in G/I, hence t+ s= u in K(G/I).
Conversely, assume that s+ t = u in K(G/I). Let y ∈ I and x ∈ I2 be such that y = x2.
Since xtxs = xu (mod I), squaring gives ytys = yu, i.e., t+ s= u in K(G). 
Theorem 2.2.2 Let (G,T ) be an abelian Suzuki 2-group of exponent 4 over a perfect
ﬁeld K of characteristic 2. Then G is isomorphic to the following algebraic group over
K: as a set G= K×K and the product is given by the rule
(x,x′)(y,y′) = (x+ y,x′+ y′+(xy)1/2) (2.9)
for all (x,x′),(y,y′) ∈ K×K. If further G is a free Suzuki 2-group, then the action of
T  K on G= K×K is componentwise multiplication.
Proof of Theorem 2.2.2. By Theorem 2.2.1, we may assume that G is free. Identify K
with T ∪{0}. Let g ∈ G be a ﬁxed element of order 4 with g2 = a. By Lemma 2.2.11,
every element of G can be written as gxay for some unique x,y ∈ K. Then the map
ψ : G→ K×K deﬁned by ψ(gxay) = (x,y) is a well-deﬁned bijection. Identify the set
G with K×K via the map ψ . Then since ψ((gxay)t) = ψ(gtxaty) = (tx, ty), the action
of T on G corresponds to componentwise multiplication.
It remains to show that the multiplication is as in equality (2.9), i.e., gxgy = gx+ya(xy)
1/2
for all x,y ∈ K. Since T acts on G by automorphisms gxgy = (ggx−1y)x and it is enough
to prove the equality for x = 1. Let f be the map deﬁned by ggy = g1+ya f (y) for all
y ∈ K. We need to show that f (y2) = y. First we show that f (0) = 0 and f (1) = 1. For
y = 0, g = gg0 = ga f (0), and for y = 1, a = g2 = gg = a f (1), since G is free f (0) = 0
and f (1) = 1. We have
g1+ya f (y) = ggy = gyg= (ggy
−1
)y = (g1+y
−1
a f (y
−1))y = gy+1ay f (y
−1). (2.10)
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Equality (2.10) gives
f (y) = y f (y−1). (2.11)
We also need to express the associativity in G in terms of f . We have the equalities:
gygz = (ggzy
−1
)y (2.12)
and
(ggy)gz = g(gygz). (2.13)
(ggy)gz = g1+ya f (y)gz = g1+ygza f (y)
= (ggz(1+y)
−1
)1+ya f (y) = [g1+z(1+y)
−1
a f (z(1+y)
−1)]1+ya f (y)
= g1+y+za(1+y) f (z(1+y)
−1)a f (y) = g1+y+za f (y)+ f (z(1+y)
−1)(1+y) (2.14)
and
g(gygz) = g(ggzy
−1
)y = g[g1+zy
−1
a f (zy
−1
)]y = ggy+zay f (zy
−1)
= g1+y+za f (y+z)ay f (zy
−1) = g1+y+za f (y+z)+y f (zy
−1). (2.15)
Equalities (2.13), (2.14) and (2.15) imply that
g1+y+za f (y)+ f (z(1+y)
−1)(1+y) = g1+y+za f (y+z)+y f (zy
−1), (2.16)
that is,
f (y+ z)+ y f (zy−1) = f (y)+ f (z(1+ y)−1)(1+ y). (2.17)
Taking z= y in (2.17) we obtain
f (y+ y)+ y f (1) = f (y)+ f (y(1+ y)−1)(1+ y)
f (0)+ y= f (y)+ f (y(1+ y)−1)(1+ y)
y= f (y)+ f (y(1+ y)−1)(1+ y). (2.18)
Now using equality (2.11) twice in (2.18) we get
y f (y−1)+ y(1+ y)−1 f (y−1(1+ y))(1+ y) = y
y f (y−1)+ y f (y−1(1+ y)) = y
f (y−1)+ f (y−1+1) = 1 (2.19)
18
for y ∈ K−{0}, i.e., f (y)+ f (1+ y) = 1 for all y ∈ K−{0}. In particular, for y = 0,
we have f (0)+ f (1) = 1, hence
f (1+ y) = 1+ f (y) (2.20)
for all y ∈ K. In (2.17) replace z by y+ y2 to get
f (y+ y2+ y)+ f ((y+ y2)y−1)y= f (y)+ f ((1+ y)y(1+ y)−1)(1+ y)
f (y2)+ f (1+ y)y= f (y)+ f (y)(1+ y) = f (y)+ f (y)+ y f (y) (2.21)
which implies
f (y2)+ f (1+ y)y= y f (y). (2.22)
Finally, using (2.20) in (2.21) we obtain
f (y2)+(1+ f (y)) = y f (y)
f (y2)+ y+ y f (y) = y f (y)
f (y2) = y (2.23)
for all y ∈ K. 
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3. ABELIAN SUZUKI 2-GROUPS OVER PERFECT FIELDS
3.1 Notation and Terminology
Throughout this chapter K denotes a perfect ﬁeld of characteristic 2, (G,T ) denotes an
abelian Suzuki 2-group, and I denotes the set of involutions in G.
A normal subgroup B of a group A determines the factor group A/B. We writeC=A/B
and call A an extension of B by C.
3.2 Classiﬁcation of Abelian Suzuki 2-Groups of Exponent 8
Theorem 3.2.1 Let G be of exponent 8 over K. Then G is isomorphic to the following
algebraic group over K: as a set G= K×K×K and the product is given by the rule
(x,x′,x′′)(y,y′,y′′) = (x+ y,x′+ y′+(xy)1/2,
x′′+ y′′+(x′y′)1/2+(x′+ y′)1/2(xy)1/4+(x+ y)1/2(xy)1/4). (3.1)
If further G is a free Suzuki 2-group, then the action of T  K on G = K×K×K is
componentwise multiplication. Thus, G is an extension of the ﬁeld K by K×K.
Proof of Theorem 3.2.1 By Theorem 2.2.1, we may assume that G is free. Identify K
with T ∪{0}. Let g ∈ G be a ﬁxed element of order 8 with g2 = a and a2 = b.
Lemma 3.2.1 Every element of G can be written as gxaybz for unique x,y,z ∈ K.
Proof of Lemma 3.2.1 By Lemma 2.2.9, G2 is an abelian free Suzuki 2-group of
exponent 4. Take any h ∈ G, then h2 ∈ G2 and by Lemma 2.2.11, h2 = axby =
(g2)x(a2)y for unique x,y ∈ K. Now hg−xa−y is an involution in G, so h = gxaybz
for unique x,y,z ∈ K.
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Lemma 3.2.2 G is isomorphic to K×K×K.
Proof of Lemma 3.2.2 Identify the set G with K×K×K via the map ϕ : G → K×
K×K, ϕ(gxaybz) = (x,y,z). Since x,y,z are unique in the presentation gxaybz, ϕ and
ϕ−1 are well-deﬁned so ϕ is a bijection. T acts by group automorphisms on G by
componentwise multiplication since
ϕ((gxaybz)t) = ϕ(gtxatybtz) = (tx, ty, tz). (3.2)
Lemma 3.2.3 The analogous group multiplication is as deﬁned in equality (3.1).
Proof of Lemma 3.2.3 By Theorem 2.2.2, we have
(0,x′,x′′)(o,y′,y′′) = (0,x′+ y′,x′′+ y′′+(x′y′)1/2). (3.3)
So, it is enough to prove that
gxgy = gx+ya(xy)
1/2
b(x+y)
1/2
(xy)1/4 . (3.4)
Now since T acts on G by automorphisms we have
(g1g2)x = gx1g
x
2 (3.5)
and
(gx)y = gxy. (3.6)
for all g,g1,g2 ∈ G, x,y ∈ K. Let
gxgy = g f (x,y)al(x,y)bm(x,y) (3.7)
for some maps f , l,m : K×K → K. Then squaring gives f (x,y) = x+ y and l(x,y) =
(xy)1/2. Therefore, gxgy = gx+ya(xy)
1/2
bm(x,y) and we need to determine m(x,y).
Assuming that m is a K−bilinear map it is enough to prove the last equality for x= 1.
Let f (y) = m(1,y), then
ggy = g1+yay
1/2
b f (y). (3.8)
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Put y = 1 in (3.8) to get g2 = ab f (1), i.e., a = ab f (1) and So f (1) = 0 Now put y = 0,
to get g= gb f (0) and f (0) = 0.
g1+yay
1/2
b f (y) = ggy = (ggy
−1
)y = (g1+y
−1
a(y
−1)1/2b f (y
−1))y
= g1+yay(y
−1)1/2by f (y
−1) = g1+yay
1/2
by f (y
−1). (3.9)
Equality (3.9) implies
f (y) = y f (y−1) (3.10)
for all y ∈ K \{0}.
We also need to express the associativity
(ggy)gz = g(gygz) (3.11)
in G in terms of f .
(ggy)gz = g1+yay
1/2
b f (y)gz = g1+ygzay
1/2
b f (y)
= (ggz(1+y)
−1
)1+yay
1/2
b f (y)
= [g1+z(1+y)
−1
a(z(1+y)
−1)1/2b f (z(1+y)
−1)]1+yay
1/2
b f (y)
= g1+z+ya(z(1+y))
1/2
b(1+y) f (z(1+y)
−1)ay
1/2
b f (y)
= g1+z+ya(z(1+y))
1/2+y1/2b(zy(1+y))
1/4+(1+y) f (z(1+y)−1)+ f (y), (3.12)
g(gygz) = g(ggzy
−1
)y = g[g1+zy
−1
a(zy
−1)1/2b f (zy
−1)]y
= ggy+za(zy)
1/2
by f (zy
−1) = g1+y+za(y+z)
1/2
b f (y+z)a(zy)
1/2
by f (zy
−1)
= g1+y+za(y+z)
1/2+(zy)1/2b((y+z)(yz))
1/4+ f (y+z)+y f (zy−1). (3.13)
Equalities (3.11), (3.12) and (3.13) imply
(zy(1+ y))1/4+(1+ y) f (z(1+ y)−1)+ f (y) = ((y+ z)(yz))1/4+ f (y+ z)+ y f (zy−1).
(3.14)
Taking fourth power of both sides in (3.14) we have
zy(1+ y)+(1+ y)4 f (z(1+ y)−1)4+ f (y)4 = (y+ z)(yz)+ f (y+ z)4+ y4 f (zy−1)4.
(3.15)
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Substituting h(x) = f (x)4 in (3.15) we get
zy(1+ y)+(1+ y)4h(z(1+ y)−1)+h(y) = (y+ z)(yz)+h(y+ z)+ y4h(zy−1).
(3.16)
Taking z= y in (3.16) we obtain
y2(1+ y)+(1+ y)4h(y(1+ y)−1)+h(y) = h(0)+ y4h(1) = f (0)4+ y4 f (1)4 = 0.
(3.17)
That is,
(1+ y)4h(y(1+ y)−1)+h(y) = y2(1+ y). (3.18)
Using (3.10) in equality (3.18) we get
(1+ y)4y4(1+ y)−4h(y−1(1+ y))+ y4h(y−1) = y2(1+ y)
y4[h(y−1+1)+h(y−1)] = y2(1+ y)
h(y−1+1)+h(y−1) = y−2(1+ y)
h(y+1)+h(y) = y2(1+ y−1)
( f (1+ y)+ f (y))4 = y2+ y (3.19)
and so we get
f (1+ y)+ f (y) = y1/2+ y1/4. (3.20)
Now substitute z= y+ y2 in (3.16) to get
y2(1+ y)2+(1+ y)4h(y)+h(y) = y2y2(1+ y)+h(y2)+ y4h(1+ y)
y2(1+ y)2+ y4h(y) = y4(1+ y)+h(y2)+ y4h(1+ y)
y4(h(y)+h(1+ y)) = y2(1+ y)2+ y4(1+ y)+h(y2). (3.21)
Equation (3.20) implies that
h(y)+h(1+ y) = y2+ y. (3.22)
Equalities (3.20) and (3.21) give
y4(y2+ y) = y2(1+ y)2+ y4(1+ y)+h(y2)
y4(y2+ y) = y2+ y4+ y4+ y5+h(y2)
y6+ y5 = y2+ y4+ y4+ y5+h(y2)
h(y2) = y2+ y6. (3.23)
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Since K is perfect of characteristic 2, (3.22) implies
h(y) = y+ y3
f (y) = (y+ y3)1/4 = y1/4(1+ y2)1/4 = y1/4+ y3/4. (3.24)
Thus,
m(1,z) = f (z) = z1/4+ z3/4
m(x,xz) = xm(1,z) = xz1/4(1+ z2)1/4 = x1/2(1+ z2)1/4x1/2z1/4
m(x,xz) = (x2+ x2z2)1/4x1/4(xz)1/4. (3.25)
Substituting y= xz in the equality (3.25) we get
m(x,y) = (x+ y)1/4(xy)1/4. (3.26)
gxgy = gx+ya(xy)
1/2
b(x+y)
1/4(xy)1/4 . (3.27)
Since G is an abelian Suzuki 2-group of exponent 8, by Proposition 2.2.1, G/I is an
abelian Suzuki 2-group of exponent 4 over the same ﬁeld K. Then by Theorem 2.2.2,
G/I is isomorphic to K×K. Since I is isomorphic to K, G becomes an extension of K
by K×K. 
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3.3 Classiﬁcation of Abelian Suzuki 2-Groups of Exponent 2n
Theorem 3.3.1 Let G be an abelian Suzuki 2-group of exponent 2n, n ≥ 1, over a
perfect ﬁeld K. Fix an element g ∈ G of order 2n and let gm = g2m for m= 1, ...,n−1.
Then, for all y ∈ K, we have
ggy = g1+y
n−1
∏
i=1
g∑
2i−1
k=1 y
(2k−1)/2i
i (3.28)
for n≥ 2 (and ggy = g1+y for n= 1).
Proof. For n = 2, ggy = g1+ygy
1/2
1 . Assume G is of exponent 2
n+1 over K. Let g ∈ G
be an element of order 2n+1. Then by induction,
(ggy)2 = g2(g2)y
= (g2)y+1
n−1
∏
i=1
(g2i )
∑2
i−1
k=1 y
(2k−1)/2i
= (g2)y+1
n−1
∏
i=1
(g2
i+1
)∑
2i−1
k=1 y
(2k−1)/2i
. (3.29)
Put
Ai =
2i−1
∑
k=1
y(2k−1)/2
i
. (3.30)
Then
(ggy)2 = (g2)y+1
n−1
∏
i=1
(g2
i+1
)Ai
= (g2)y+1(g2
2
)A1(g2
3
)A2 ...(g2
n−1
)An−2(g2
n
)An−1
= g2(1+y)g2(2A1)g2(2
2A2)...g2(2
n−1An−1)
= (g1+yg2A1g2
2A2 ...g2
n−1An−1)2
= (g1+ygA11 g
A2
2 ...g
An−1
n−1 )
2 = (g1+y
n−1
∏
i=1
gAii )
2. (3.31)
Hence, ggy = g1+y∏n−1i=1 g
∑2
i−1
k=1 y
(2k−1)/2i
i . 
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Theorem 3.3.2 Let (G,T ) be an abelian Suzuki 2-group of exponent 2n over a perfect
ﬁeld K of characteristic 2. Then G is isomorphic to the algebraic group K× ...×K =
Kn over K and G is an extension of the ﬁeld K by Kn−1.
Proof. By Proposition 2.2.1, G/I is an abelian Suzuki 2-group of exponent 2n−1 over
the same ﬁeld K. By induction assume that G/I is isomorphic to K× ...×K = Kn−1.
Since I is isomorphic to K, G is isomorphic to K× ...×K = Kn. By Theorem 3.3.1,
for all x,y ∈ K and an element g ∈ G of order 2n with g2m = gm for m= 1, ...,n−1,
gxgy = gx+yg(xy)
1/2
1 g
x1/4y3/4+x3/4x1/4
2 ...g
x1/2
n−1
y2
n−1−1/2n−1+...+x2n−1−1/2n−1y1/2n−1
n−1 . (3.32)
Then the analogous operation in K× ...×K = Kn is
(x,0...,0)(y,0...,0) = (x+ y,(xy)1/2, ...,x1/2
n−1
y2
n−1−1/2n−1+ ...+ x2
n−1−1/2n−1y1/2
n−1
).
(3.33)

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4. ABELIAN SUZUKI 2-GROUPS OF EXPONENT 4 OVER A
NON-PERFECT FIELD OF CHARACTERISTIC 2
4.1 Notation and Terminology
Throughout this chapter, K denotes a ﬁeld of characteristic 2 which is not necessarily
perfect, K+ and K denote the additive and the multiplicative groups of K, respectively.
(G,T ) denotes an abelian free Suzuki 2-group of exponent 4 over K. We will
sometimes simply write that G is a Suzuki 2-group. When we say that " f is the
2-cocycle associated to G", we mean the map f : K → K, deﬁned in Lemma 2.2.12, by
ggx = g1+xa f (x) for any g ∈ G of order 4, for all x ∈ K. I denotes the set of involutions
in G. K2 denotes the subﬁeld {x2 : x ∈ K} of K. If L is a subﬁeld of K and h : K → K
is a map, then the restriction of h to L is denoted by h|L. The identity map from K to K
is denoted by IdK .
4.2 Classiﬁcation of Abelian Suzuki 2-Groups of Exponent 4 over an Arbitrary
Field
Theorem 4.2.1 Let (G,T ) be an abelian free Suzuki 2-group of exponent 4 over the
ground ﬁeld K and f be the 2-cocycle associated to G and h :K →K2 be a map deﬁned
by h(x) = f (x)2 for all x ∈ K. Then h satisﬁes the following equalities
h(y) = y2h(y−1) (4.1)
h(x+ y)+ y2h(xy−1) = h(y)+(1+ y)2h(x(1+ y)−1) (4.2)
for all x ∈ K, y ∈ K \{0,1},
h|K2 = IdK2 . (4.3)
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Conversely, assume that K is a ﬁeld of characteristic 2 and that h : K → K2 is a map
satisfying the equalities (4.1), (4.2) and (4.3). Let G= K×K, T = K. Deﬁne f : K →
K by f (x) =
√
h(x) for all x ∈ K. Deﬁne the multiplication operation on G by
(x1,y1)(x2,y2) = (x1+ x2,y1+ y2+ x1 f (x2x−11 )),
(x,y1)(0,y2) = (0,y1)(x,y2) = (x,y1+ y2) (4.4)
for all xi ∈ K \ {0}, x,yi ∈ K, i = 1,2, and the action of T on G by componentwise
multiplication. Then (G,T ) is an abelian free Suzuki 2-group of exponent 4 over K.
Proof of Theorem 4.2.1.
Lemma 4.2.1 The map h satisﬁes equalities (4.1) and (4.2).
Proof of Lemma 4.2.2. Equality (3.10), f (x) = x f (x−1) implies h(x) = x2h(x−1). By
using the associativity, (ggx)gy = g(gxgy), in G, we had already obtained the equality
(2.17). Since K is of characteristic 2, taking square of both sides in (2.17) we have
equality (4.2).
Lemma 4.2.2 h|K2 = IdK2 .
Proof of Lemma 4.2.3. h(0) = f (0)2 = 0 and h(1) = f (1)2 = 1 Take x= y in (4.2) to
get
y2 = h(y)+h(y(1+ y)−1)(1+ y)2. (4.5)
Applying twice (4.1) in (4.5) we have
y2 = y2h(y−1)+ y2(1+ y)−2h(y−1(1+ y))(1+ y)2
1 = h(y−1)+h(1+ y−1) (4.6)
h(1+ y) = 1+h(y) (4.7)
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for all y ∈ K \{0}. By using (4.7) and replacing x by y+ y2 in (4.2) we get
h(y+ y2+ y)+ y2h((y+ y2)y−1) = h(y)+h((y+ y2)(1+ y)−1)(1+ y)2
h(y2)+ y2h(1+ y) = h(y)+h(y)(1+ y)2
h(y2)+ y2+ y2h(y) = h(y)+h(y)+ y2h(y)
h(y2) = y2 (4.8)
for all y ∈ K.
Conversely, assume that K is a ﬁeld of characteristic 2 and that h : K → K2 is a map
satisfying the equalities (4.1), (4.2) and (4.3). Deﬁne f : K → K by f (x) =√h(x) for
all x ∈ K.
Lemma 4.2.3 G is a group together with the operation deﬁned in (4.4).
Proof of Lemma 4.2.4. For any x,y ∈ K
[(1,0)(x,0)](y,0) = (1+ x, f (x))(y,0) = (1+ x+ y,(1+ x) f (y(1+ x)−1)+ f (x))
(4.9)
(1,0)[(x,0)(y,0)] = (1,0)(x+ y,x f (yx−1)) = (1+ x+ y, f (x+ y)+ x f (yx−1) (4.10)
The equalities (2.17), (4.9) and (4.10) imply that the operation is associative. (x,y)−1 =
(x,x+ y) for any x ∈ K \{0}, y ∈ K.
Lemma 4.2.4 G is an abelian free Suzuki 2-group of exponent 4 over K.
Proof of Lemma 4.2.5. By equality (4.1), we get
f (x) =
√
h(x) =
√
x2h(x−1) = x f (x−1) (4.11)
for all x ∈ K \{0}. (4.11) implies
(x,0)(y,0) = (x+ y,x f (yx−1) = (x+ y,xyx−1 f (xy−1) = (x+ y,y f (xy−1) = (y,0)(x,0)
(4.12)
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(x,y)4 = (0,x)2 = (0,0) (4.13)
and
(x,0)t(y,0)t = (tx,0)(ty,0) = (tx+ ty, tx f (ty(tx)−1)
= (tx+ ty, tx f (yx−1) = [(x,0)(y,0)]t . (4.14)
Thus, T acts on G by group automorphisms by componentwise multiplication. Since
I  K+, T acts transitively on I.
When K is a perfect ﬁeld, K = K2 and in this case the equality (4.3) implies that
f (x) =
√
h(x) =
√
x so that ggx = g1+xa
√
x.
Therefore, (G,T ) is an abelian free Suzuki 2-group of exponent 4 over K. 
4.3 Corollaries of Theorem 4.2.1
Corollary 4.3.1 Let h : K → K2 be an additive, K2 − linear map. Deﬁne f : K → K
by f (x) =
√
h(x) for all x ∈ K. Let G= K×K and T = K. Deﬁne the multiplication
operation on G as in (4.4). Then T acts on G by componentwise multiplication and
(G,T ) is an abelian free Suzuki 2-group of exponent 4 over K.
Proof. Since h is K2− linear, h(x2y) = x2h(y) for all x,y ∈ K. In particular, for y = 1
we have h(x2) = x2 and thus h satisﬁes the equality (4.3). Also, x2h(x−1) = h(x2x−1) =
h(x) and h satisﬁes (4.1). Additivity of h and (4.3) imply
h(x+ y)+ y2h(xy−1) = h(x)+h(y)+h(xy−1y2) = h(x)+h(y)+h(xy) (4.15)
and
h(y)+h(x(1+ y)−1)(1+ y)2 = h(y)+h(x(1+ y)−1(1+ y)2) = h(y)+h(x(1+ y))
= h(y)+h(x)+h(xy). (4.16)
Equalities (4.15) and (4.16) imply that h satisﬁes (4.2). Now since h satisﬁes all the
equalities (4.1), (4.2) and (4.3), the result follows by Theorem 4.2.1. 
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Corollary 4.3.2 There is a one-to-one correspondence between the set of maps h :
K → K2 satisfying (4.1), (4.2), (4.3) and the set of isomorphism classes of abelian
free Suzuki 2-groups G of exponent 4 over a (not necessarily perfect) ﬁeld K of
characteristic 2.
Proof. For j = 1,2, assume h j : K → K2 be maps satisfying equalities (4.1), (4.2) and
(4.3), deﬁne f j(x) =
√
h j(x) for all x ∈ K and let Gj = K×K. Put T = K. Then the
multiplication operation on Gj by
(x1,y1)(x2,y2) = (x1+ x2,y1+ y2+ x1 f j(x2x−11 )) (4.17)
for all xi,yi ∈ K, i = 1,2. Let g j ∈ Gj be an element of order 4 with g2j = a j for
j = 1,2. Deﬁne a group isomorphism Φ : G1 → G2 by Φ(g1) = g2a2. Then there are
maps ϕ : K → K and Ψ : K → K such that
Φ(gx1) = g
ϕ(x)
2 a
Ψ(x)
2 (4.18)
for all x ∈ K.
Φ(a1) =Φ(g21) = (Φ(g1))
2 = g22 = a2
Φ(ax1) =Φ((g
2
1)
x) =Φ((gx1)
2) =Φ(gx1)
2
= (gϕ(x)2 a
Ψ(x)
2 )
2 = aϕ(x)2 . (4.19)
We have
Φ(g1gx1) =Φ(g1)Φ(g
x
1), (4.20)
Φ(g1gx1) =Φ(g
1+x
1 a
f1(x)
1 ) = g
ϕ(1+x)
2 a
Ψ(1+x)+ϕ( f1(x))
2 , (4.21)
Φ(g1)Φ(gx1) = g2a2g
ϕ(x)
2 a
Ψ(x)
2 = g
1+ϕ(x)
2 a
f2(ϕ(x))+1+Ψ(x)
2 . (4.22)
Now (4.20), (4.21) and (4.22) imply that
ϕ(1+ x) = 1+ϕ(x),
Ψ(1+ x) = 1+Ψ(x),
ϕ( f1(x)) = f2(ϕ(x)). (4.23)
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Also, we have
Φ(gx1g
y
1) =Φ(g
x
1)Φ(g
y
1), (4.24)
Φ(gx1g
y
1) =Φ((g1g
yx−1
1 )
x) =Φ(gx+y1 a
x f1(x−1y)
1 )) = g
ϕ(x+y)
2 a
Ψ(x+y)+ϕ(x f1(x−1y)
2 , (4.25)
Φ(gx1)Φ(g
y
1) = g
ϕ(x)
2 a
Ψ(x)
2 g
ϕ(y)
2 a
Ψ(y)
2 = g
ϕ(x)+ϕ(y)
2 a
ϕ(x) f2(ϕ(x)−1ϕ(y))+Ψ(x)+Ψ(y)
2 .
(4.26)
Equalities (4.24), (4.25) and (4.26) imply that
ϕ(x+ y) = ϕ(x)+ϕ(y),
ϕ(xy) = ϕ(x)ϕ(y),
ϕ(x−1) = ϕ(x)−1,
Ψ(x+ y) =Ψ(x)+Ψ(y),
ϕ−1 f2ϕ = f1. (4.27)
Φ is a Suzuki 2-group isomorphism if and only if
Φ(gx1a
y
1) =Φ(g1)
xΦ(a1)y (4.28)
for all x,y ∈ K. Equality (4.28) implies that
gϕ(x)2 a
ϕ(y)+Ψ(x)
2 = g
x
2a
y
2, (4.29)
so ϕ(x) = x and ϕ(y)+Ψ(x) = y for all x,y ∈ K. Thus, ϕ = IdK and Ψ = 0. In this
case, equality (4.20) gives that f1 = f2, i.e., h1 = h2. 
Example 4.3.1 Let K be a ﬁeld of characteristic 2 such that dimK2K = 2. Let {1,x}
be a basis for K over K2. Fix u ∈ K2. Deﬁne h(a+bx) = a+bu for all a,b ∈ K2.
Then h : K → K2 is an additive, K2 − linear map. Deﬁne f (x) = √h(x) for all
x ∈ K. Let G = K ×K and T = K. Deﬁne the multiplication operation on G by
(x1,y1)(x2,y2) = (x1+ x2,y1+ y2+ x1 f (x2x−11 )) for all xi,yi ∈ K, i= 1,2.
Then T acts on G by componentwise multiplication and (G,T ) is an abelian free Suzuki
2-group of exponent 4 over K.
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4.4 Cohomological Interpretation of Abelian Suzuki 2-Groups of Exponent 4
4.4.1 Some Fundamentals from Cohomology Theory
Recall that If A,B are groups and π : A→ B is a group homomorphism then the kernel
of π is the subgroup {a ∈ A : π(a) = 0} of A and it is denoted by Kerπ , the image
of π is the subgroup {π(a) : a ∈ A} of B and it is denoted by Imπ . An abelian group
A, written additively, is called a (left) B-module if to each σ ∈ B and x ∈ A, there
corresponds a unique element σ(x) ∈ A such that (i) σ(x+ y) = σ(x)+σ(y) and (ii)
στ(x) = σ(τ(x)) for all σ ,τ ∈ B and x,y ∈ A. Let A be an additive group and B ≤ A.
Then a (right) transversal of B in A (or a complete set of coset representatives) is a
subset R of A consisting of one element from each coset of B in A. Then A is the
disjoint union A =
⋃
r∈RB+ r. Thus, every element a ∈ A has a unique factorization
a= b+ r, b ∈ B, r ∈ R. If π : A→C is surjective, then a lifting of x ∈C is an element
l(x) ∈ A with π(l(x)) = x. If we chose a lifting l(x) for each x ∈C, then the set of all
such elements is a transversal of Kerπ . In this case the function l :C→ A is also called
a transversal, thus both l and its image l(C) are transversals.
Deﬁnition 4.4.1 Let A be a B-module and n a nonnegative integer. By an n-cochain of
B over A, we mean a function of n-variables from B into A, if n> 0, and an element of
A if n= 0.
We denote by Cn(B,A) the set of all such n-cochains. We make Cn(B,A) into a group
by deﬁning
( f +g)(σ1, ...,σn) = f (σ1, ...,σn)+g(σ1, ...,σn) (4.30)
for all f ,g ∈Cn(B,A) and σi ∈ B.
Deﬁnition 4.4.2 If f ∈Cn(B,A), we deﬁne an (n+1)-cochain δn+1 f by
(δn+1 f )(σ1, ...,σn+1) = σ1( f (σ2, ...,σn+1))+
n
∑
i=1
(−1)i f (σ1, ...,σiσi+1, ...,σn+1)
+(−1)n+1 f (σ1, ...,σn). (4.31)
Sometimes, we simply write δ instead of δn+1.
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Deﬁnition 4.4.3 Let
Zn(B,A) = { f ∈Cn(B,A) : δ f = 0},
Bn(B,A) = {δ f : f ∈Cn−1(B,A)} (4.32)
for n > 0 and B0(B,A) = 0. The elements of Zn(B,A), Bn(B,A) are called n-cocycles
and n-coboundaries, respectively. Bn(B,A) is a subgroup of Zn(B,A) since δ :
Cn−1(B,A)→Cn(B,A) is a homomorphism. We write Kerδn+1 = Zn(B,A) and Imδn =
Bn(B,A). The quotient group
Hn(B,A) = Zn(B,A)/Bn(B,A) (4.33)
is called the n-th cohomology group of B over A.
The following facts are from Suzuki [9] and Rotman [10].
Theorem 4.4.1 Let A be an extension of B by C, and let l :C → A be a transversal. If
B is abelian, then there is a homomorphism θ :C → Aut(B) with
θx(b) = l(x)+b− l(x) (4.34)
the conjugate of b by l(x), for every b ∈ B. Moreover, if l′ : C → A is another
transversal, then
l(x)+b− l(x) = l′(x)+b− l′(x) (4.35)
for all b ∈ B and x ∈C.
Proof. Since B  A, the restriction γa|B of ’conjugation by a’ γa to B is an
automorphism of B for all a ∈ A. The function µ : A → Aut(B), given by a → γa|B
is a homomorphism: µ(a1 + a2) = γa1+a2 |B = γa1 |B ◦ γa2 |B = µ(a1) + µ(a2) since
γa1+a2(b) = (a1 + a2)+ b− (a1 + a2) = a1 + a2 + b− a2 − a1 = (γa1 ◦ γa2)(b) for all
b ∈ B.
Moreover B≤ Kerµ , for B being abelian implies that each conjugation by a ∈ B is the
identity. Therefore µ induces a homomorphism µ ′ : A/B→ Aut(B), namely, B+a →
µ(a).
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The ﬁrst isomorphism theorem gives an explicit isomorphism λ :C → A/B: if l :C →
A is a transversal, then λ (x) = B+ l(x). If l′ : C → A is another transversal, then
l(x)− l′(x) ∈ B, so that B+ l(x) = B+ l′(x) for all x ∈ C. It follows that λ does not
depend on the choice of transversal. Let θ : C → Aut(B) be the composite θ = µ ′λ .
If x ∈C then θx = µ ′λ (x) = µ ′(B+ l(x)) = µ(l(x)) ∈ Aut(B); therefore if b ∈ B, then
θx(b) = µ(l(x))(b) = l(x)+b− l(x) does not depend on the choice of lifting l(x). 
Remark 4.4.1 (1) A homomorphism θ :C → Aut(B) makes B into a C-set, where the
action is given by xb= θx(b), written additively. The following formulas are valid for
all x,y,1 ∈C and b1,b2 ∈ B:
x(b1+b2) = xb1+ xb2
(xy)b1 = x(yb1)
1b1 = b1 (4.36)
(2) If B is an abelian group and A is an extension of B by C, for every transversal
l :C → A
xb= θx(b) = l(x)+b− l(x) (4.37)
for all x ∈C and b ∈ B.
(3) When A is abelian, θ is the trivial homomorphism with θx = 1 for all x ∈ C then
b= xb= l(x)+b− l(x) and b commutes with all l(x), hence with all b′ = b+ l(x) for
b′ ∈ B.
(4) Let π :A→C be a surjective homomorphism with kernel B and choose a transversal
l : C → A with l(1) = 0. Once this transversal has been chosen every element a ∈ A
has a unique expression of the form
a= b+ l(x) (4.38)
b ∈ B, x ∈C.
There is a formula: for all x,y ∈C,
l(x)+ l(y) = f (x,y)+ l(xy) (4.39)
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for some f (x,y) ∈ B, because π(l(x)+ l(y)) = π(l(x))π(l(y)) = xy= π(l(xy)) = c for
some c ∈ C, so π(l(x)+ l(y)− l(xy)) = π(l(x)+ l(y))π(l(xy))−1 = cc−1 = 1, hence
l(x)+ l(y)− l(xy) ∈ B and both l(x)+ l(y) and l(xy) represent the same coset of B.
Deﬁnition 4.4.4 If π : A → C is a surjective homomorphism with kernel B and if l :
C → A is a tranversal with l(1) = 0, then the function f : C×C → B, determined by
(4.39) is called a cocycle (or factor set) associated to A.
Theorem 4.4.2 Let π : A→C be a surjective homomorphism with kernel B, let l :C→
A be a tranversal with l(1) = 0, and let f : C×C → B be the corresponding cocycle.
Then:
(i) for all x,y ∈C,
f (1,y) = 0 = f (x,1), (4.40)
(ii) the cocycle identity holds for every x,y,z ∈C:
f (x,y)+ f (xy,z) = x f (y,z)+ f (x,yz). (4.41)
Proof. Put x = 1 in (4.39) to get l(1)+ l(y) = f (1,y)+ l(y). Since l(1) = 0, we have
f (1,y) = 0. A similar calculation shows that f (x,1) = 0. The cocycle identity follows
from associativity:
[l(x)+ l(y)]+ l(z) = f (x,y)+ l(xy)+ l(z) = f (x,y)+ f (xy,z)+ l(xyz). (4.42)
On the other hand, by (4.37)
l(x)+ [l(y)+ l(z)] = l(x)+ f (y,z)+ l(yz) = x f (y,z)+ l(x)+ l(yz)
= x f (y,z)+ f (x,yz)+ l(xyz). (4.43)
The cocycle identity follows. 
Theorem 4.4.3 Let B be an abelian group and A be an extension of B by C. A function
f :C×C → B is a cocycle associated to A if and only if it satisﬁes the cocycle identity
x f (y,z)− f (xy,z)+ f (x,yz)− f (x,y) = 0 (4.44)
as well as f (1,y) = 0 = f (x,1) for all x,y,z ∈C.
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Proof. Necessity is Theorem 4.4.2. To prove sufﬁciency, let A be the set of all ordered
pairs (b1,x) ∈ B×C equipped with the operation
(b1,x)+(b2,y) = (b1+ xb2+ f (x,y),xy). (4.45)
We need to show that A is a group. The cocycle identity is needed to prove
associativity:
[(b1,x)+(b2,y)]+(b3,z) = (b1+ xb2+ f (x,y),xy)+(b3,z)
= (b1+ xb2+ f (x,y)+ xyb3+ f (xy,z),xyz), (4.46)
(b1,x)+ [(b2,y)+(b3,z)] = (b1,x)+(b2+ yb3+ f (y,z),yz)
= (b1+ xb2+ xyb3+ x f (y,z)+ f (x,yz),xyz). (4.47)
The identity is (0,1). Inverses are given by
− (b,x) = (−x−1b− x−1 f (x,x−1),x−1). (4.48)
Deﬁne π : A→C by (a,x) → x. π is a surjective homomorphism with kernel {(b,1) :
b ∈ K}. If we identify B with the kernel of π via b → (b,1) then B A and A is an
extension of B by C.
Next, we must show, for every transversal l : C → A, that xb = l(x)+ b− l(x) for all
x ∈C and b ∈ B. Now we must have l(x) = (b1,x) for some b1 ∈ B. So,
l(x)+b− l(x) = (b1,x)+(b,1)− (b1,x)
= b1+ xb,x)+(−x−1b1− x−1 f (x,x−1),x−1)
= (b1+ xb+ x[−x−1b1− x−1 f (x,x−1)]+ f (x,x−1),1)
= (b1+ xb−b1− f (x,x−1)+ f (x,x−1),1) = (xb,1). (4.49)
Finally, deﬁne a transversal l : C → A by l(x) = (0,x) for all x ∈ C. The cocycle F
corresponding to this transversal satisﬁes F(x,y) = l(x)+ l(y)− l(xy). Then
F(x,y) = l(x)+ l(y)− l(xy) = (0,x)+(0,y)− (0,xy)
= ( f (x,y),xy)+(−(xy)−1 f (xy,(xy)−1),(xy)−1)
= ( f (x,y)− f (xy,(xy)−1)+ f (xy,(xy)−1),1) = ( f (x,y),1) (4.50)
and so f is a cocycle as desired. 
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Remark 4.4.2 If B is an abelian group and a group C acts on B then
Z2(C,B) = { f ∈C2(C,B) : δ f = 0}
= { f :C×C → B : δ f (x,y,z) = x f (y,z)− f (xy,z)+ f (x,yz)− f (x,y) = 0}. (4.51)
So, f ∈ Z2(C,B) if and only if f satisﬁes the cocycle identity (4.44). Thus, Z2(C,B) is
the set of all cocycles f :C×C → B. Since B is abelian, Z2(C,B) is an abelian group
under pointwise addition: ( f + g)(x,y) = f (x,y)+ g(x,y) for f ,g ∈ Z2(C,B), for all
(x,y) ∈C×C. If f , g are cocycles, then so is f +g (for f +g also satisﬁes the cocycle
identity and vanishes on (1,y) and (x,1)).
Lemma 4.4.1 Let B be an abelian group and A be an extension of B by C. Let l and
l′ be transversals with l(1) = 0 = l′(1) giving rise to cocycles f and f ′, respectively.
Then there is a function h :C → B with h(1) = 0 such that
f ′(x,y)− f (x,y) = xh(y)−h(xy)+h(x) (4.52)
for all x,y ∈C.
Proof. For each x ∈C, both l(x) and l′(x) are representatives of the same coset of B in
A; thus there is an element h(x) ∈ B with l′(x) = h(x)+ l(x). Since l(1) = 0 = l′(1),
we have h(1) = 0. The main formula is derived as follows: By using (4.37) and (4.39)
we have
l′(x)+ l′(y) = [h(x)+ l(x)]+ [h(y)+ l(y)] = h(x)+ xh(y)+ l(x)+ l(y)
= h(x)+ xh(y)+ f (x,y)+ l(xy) = h(x)+ xh(y)+ f (x,y)−h(xy)+ l′(xy). (4.53)
Therefore, f ′(x,y) = h(x) + xh(y) + f (x,y)− h(xy). The desired formula follows
because each term lies in the abelian group B. 
Remark 4.4.3 If B is an abelian group and a group C acts on B then the set of all
coboundaries is
B2(C,B) = {δh : h ∈C1(C,B)}. (4.54)
Thus, g ∈ B2(C,B) if and only if g(x,y) = δh(x,y) = xh(y)− h(xy)+ h(x) for some
h ∈C1(C,B), for all x,y ∈C. B2(C,B) is a subgroup of Z2(C,B).
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Recall that if {An} is a sequence groups and fn : An → An+1 are homomorphisms with
Im fn−1 = Ker fn for each n, then the sequence
... −−−→ An−1 fn−1−−−→ An fn−−−→ An+1 −−−→ ... (4.55)
is said to be exact. A diagram
1 −−−→ A κ−−−→ B λ−−−→ C −−−→ 1
α
 β
 γ

1 −−−→ A′ σ−−−→ B′ ρ−−−→ C′ −−−→ 1
(4.56)
with σα = βκ and γλ = ρβ is called a commutative diagram.
Lemma 4.4.2 Assume that the diagram (4.56) is commutative and that both the
upper and lower rows are exact. If α and γ are monomorphisms (epimorphisms or
isomorphisms), then so is β .
Proof. Assume that both α and γ are monomorphisms. We will show that β is a
monomorphism. Suppose that β (b) = 1 for some b ∈ B. Then we have 1 = ρβ (b) =
γλ (b) from which we get λ (b) = 1 since γ is monomorphism. Since the upper row is
exact we have Kerλ = Imκ . Therefore, there is an element a ∈ A such that b = κ(a).
Then we have 1 = β (b) = βκ(a).
The commutativity of diagram gives us σα = βκ and σα(a) = 1. Since the lower row
is exact, σ is injective. Now both σ , α are injective, so we get a= 1 and b= κ(a) = 1.
This proves that β is a monomorphism.
Assume that both α and γ are surjective. Let b′ ∈ B′. We will show that b′ ∈ β (B).
Since γ is surjective, there is an element c ∈C such that ρ(b′) = γ(c). By assumption,
the upper row is exact. We conclude that c = λ (b) for some element b ∈ B. So,
ρ(b′) = γ(λ (b)) = ρ(β (b)) by the commutativity of the diagram. Set b′ = β (b)b′′.
Then we have ρ(b′′) = 1. Since the lower row is exact, we have Kerρ = Imσ . Hence,
there is an element a′ ∈ A′ such that σ(a′) = b′′. As α is also surjective, we have
an element a ∈ A satisfying α(a) = a′. Thus, b′′ = σ(α(a)) = β (κ(a)) and we have
b′ = β (bκ(a)) ∈ β (B). This shows that β is an epimorphism. 
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Deﬁnition 4.4.5 Let B, C be two ﬁxed groups. Two extensions A, A′ of B by C are
called equivalent if there is a homomorphism ϕ : A → A′ such that the following
diagram is commutative.
0 −−−→ B i−−−→ A π−−−→ C −−−→ 1
IdB
 ϕ
 IdC

0 −−−→ B i−−−→ A′ π ′−−−→ C −−−→ 1
(4.57)
In the above diagram, the two rows are the short exact sequences representing the
extensions A and A′, and the homomorphisms B → B and C → C are the identity
mappings.
Remark 4.4.4 By Lemma 4.4.2, if A and A′ are equivalent by a homomorphism ϕ ,
then ϕ is an isomorphism. So, A′ is equivalent to A by the inverse isomorphism ϕ−1.
Thus, Deﬁnition 4.4.11 deﬁnes an equivalence relation among the extensions of B by
C. Also equivalent extensions are isomorphic.
Theorem 4.4.4 Assume that B is an abelian group and a group C acts on B. Then the
equivalence classes of the extensions of B by C are in a one-to-one correspondence
with the elements of the second cohomology group H2(C,B) = Z2(C,B)/B2(C,B).
Proof. Let A, A′ be two extensions of B byC. Then there are cocycles f , f ′ :C×C→ B
arising from liftings l, l′, respectively.
Assume that A, A′ be equivalent extensions of B by C. Consider the diagram (4.57)
where π : A→C, π ′ : A′ →C are the surjective homomorphisms with kernel B. Since
A, A′ are equivalent, (4.57) is a commutative diagram, so ϕi= and IdCπ = π ′ϕ . Then
ϕ(b) = ϕi(b) = iIdB(b) = b for all b ∈ B and x = π(l(x)) = IdCπ(l(x)) = π ′ϕ(l(x))
for all x ∈C; that is ϕ ◦ l :C→ A′ is a lifting. Applying ϕ to the equation l(x)+ l(y) =
f (x,y)+ l(xy), we obtain that ϕ f is the cocycle determined by the lifting ϕ ◦ l. But
ϕ f (x,y) = f (x,y) for all x,y ∈ C, because f (x,y) ∈ B. Therefore, ϕ f = f , that is, f
is a cocycle of A′. But f ′ is also a cocycle of A′ (arising from another lifting), and so
Lemma 4.4.1 gives f ′ − f ∈ B2(C,B).
42
Conversely, assume that f , f ′ lie in the same coset of B2(C,B) in Z2(C,B), that is,
f ′ − f ∈ B2(C,B). Then there is a function h :C → B with h(1) = 0 such that
f ′(x,y)− f (x,y) = δh(x,y) = xh(y)−h(xy)+h(x) (4.58)
for all x,y ∈ C. By (4.38) every element of A has a unique expression of the form
b+ l(x) for b ∈ B and x ∈C. By (4.37) and (4.39) we have
[b1+ l(x)]+ [b2+ l(y)] = b1+ xb2+ l(x)+ l(y) = b1+ xb2+ f (x,y)+ l(xy), (4.59)
so addition in A is given by
[b1+ l(x)]+ [b2+ l(y)] = b1+ xb2+ f (x,y)+ l(xy). (4.60)
There is a similar description of addition in A′. Deﬁne ϕ : A → A′ by ϕ(b+ l(x)) =
b−h(x)+ l′(x). Consider the diagram (4.56). Since l(1) = l′(1) = 0 = h(1),
ϕ(b) = ϕ(b+ l(1)) = b−h(1)+ l′(1) = b, (4.61)
so ϕ ﬁxes B pointwise, thus ϕi = iIdB. Also IdCπ(b+ l(x)) = π(b+ l(x)) = π(b)+
π(l(x)) = x and π ′ϕ(b+ l(x)) = π ′(b−h(x)+ l′(x)) = pi′(l′(x)) = x give IdCπ = π ′ϕ .
We have shown that the diagram commutes.
ϕ is a homomorphism since
ϕ((b1+ l(x))+(b2+ l(y)) = ϕ(b1+ xb2+ f (x,y)+ l(xy))
= b1+ xb2+ f (x,y)−h(xy)+ l′(xy) (4.62)
and
ϕ(b1+ l(x))+ϕ(b2+ l(y)) = b1−h(x)+ l′(x))+(b2−h(y)+ l′(y))
= b1−h(x)+ xb2− xh(y)+ f ′(x,y)+ l′(xy)
= b1+ xb2+ f (x,y)−h(xy)+ l′(xy). (4.63)
where the last equality follows by (4.58). Note that by Lemma 4.4.2, ϕ becomes an
isomorphism. Therefore, A, and A′ are equivalent extensions of B by C. 
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4.4.2 Relation between Abelian Suzuki 2-Groups of Exponent 4 and the Second
Cohomology Group
Theorem 4.4.5 There is a one-to-one correspondence between the isomorphism
classes of abelian Suzuki 2-groups of exponent 4 over a ﬁeld K of characteristic 2
and the elements of the 2-dimensional cohomology group H2(K,K) whose preimages
f˜ ∈ Z2(K,K) are the cocycles satisfying the following properties:
(i) f˜ is symmetric and K-multiplicative,
(ii) f˜ (1,1) = 1,
(iii) f˜ (x,0) = 0 for all x ∈ K.
Proof. Let G be an abelian Suzuki 2-groups of exponent 4 over a ﬁeld K of
characteristic 2. Then by Lemma 2.2.2 and Theorem 2.2.1, we may assume that G
is free. But then by Lemma 2.2.12, G =< gT > for any element g ∈ G of order 4 and
there is a function f : K → K such that ggx = g1+xa f (x) for all x ∈ K where a = g2.
Now for all x,y ∈ K,
gxgy = (ggx
−1y)x = (g1+x
−1ya f (x
−1y))x = gx+yax f (x
−1y). (4.64)
We deﬁne a map f˜ : K×K → K by
f˜ (x,y) = x f (x−1y) (4.65)
for all x,y ∈ K\{0} and
f˜ (x,0) = 0 = f˜ (0,x) (4.66)
for all x ∈ K. The group of involutions I ∼= K+ where K+ denotes the additive group of
K (as described in the proof of Lemma 2.2.12) and by Theorem 2.2.2, G∼= K×K. So,
G is an extension of K by K. Since K is abelian, the action of K on K, deﬁned by the
equality (4.37) becomes the trivial action. Hence, the cocycle identity (4.41) becomes
f˜ (x,y)+ f˜ (x+ y,z) = f˜ (y,z)+ f˜ (x,y+ z). (4.67)
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We will prove that f˜ is a cocycle associated to G. Since we have the equalities
(4.66), by Theorem 4.4.4, it is enough to show that f˜ satisﬁes (4.67). We will use
the associativity of G.
(gxgy)gz = (ggx
−1y)xgz = (g1+x
−1ya f (x
−1y))xgz = gx+yax f (x
−1y)gz
= gx+ygzax f (x
−1y) = (gg(x+y)
−1z)x+yax f (x
−1y)
= (g1+(x+y)
−1za f ((x+y)
−1z))x+yax f (x
−1y)
= gx+y+za(x+y) f ((x+y)
−1z)+x f (x−1y) = gx+y+za f˜ (x+y,z)+ f˜ (x,y). (4.68)
On the other hand,
gx(gygz) = gx(ggy
−1z)y = gx(g1+y
−1za f (y
−1z))y = gxgy+zay f (y
−1z)
= (ggx
−1(y+z))xay f (y
−1z) = (g1+x
−1(y+z)a f (x
−1(y+z)))xay f (y
−1z)
= gx+y+zax f (x
−1(y+z))+y f (y−1z) = gx+y+za f˜ (x,y+z)+ f˜ (y,z) (4.69)
for all x,y,z∈K. Associativity implies that f˜ ∈ Z2(K,K) is a cocycle associated to G.
Since G is abelian and free, gx+ya f˜ (x,y) = gxgy = gygx = gx+ya f˜ (y,x) implies that
f˜ (x,y) = f˜ (y,x) for all x,y ∈ K, so f˜ is symmetric.
Since T acts on G by group automorphisms, for all x,y, t ∈ T , we have gtx+tya f˜ (tx,ty) =
gtxgty = (gxgy)t = gtx+tyat f˜ (x,y) which gives that f˜ is K-multiplicative. The equalities
gx = gxg0 = gxa f˜ (x,0) and a= gg= a f˜ (1,1) imply (ii) and (iii), respectively.
Conversely, assume that f˜ ∈ Z2(K,K) is a cocycle satisfying properties (i), (ii) and
(iii). Put G= K×K and T = K. We deﬁne the multiplication operation on G by
(x, t)(y,z) = (x+ y, t+ z+ f˜ (x,y)) (4.70)
for all x,y, t,z ∈ K. Then, by (iii), (0,0) becomes the identity element. By (ii),
(x,y)−1 = (x,x+ y) since
(x,y)(x,x+ y) = (0,x+ f˜ (x,x)) = (0,x+ x f˜ (1,1)) = (0,x+ x) = (0,0). (4.71)
In order to prove that the operation deﬁned by equality (4.70) is associative in G, we
will use that f˜ is a cocycle.
[(x,0)(y,0)](z,0) = (x+ y, f˜ (x,y))(z,0) = (x+ y+ z, f˜ (x,y)+ f˜ (x+ y,z)). (4.72)
45
On the other hand,
(x,0)[(y,0)(z,0)] = (x,0)(y+ z, f˜ (y,z)) = ((x+ y+ z, f˜ (y,z)+ f˜ (x,y+ z)). (4.73)
Equalities (4.72) and (4.73) together with the cocycle identity (4.67) imply the
associativity in G.
Since f˜ is symmetric, G is abelian and nilpotent. The exponent of G is 4. Since f˜ is
K-multiplicative, for all x,y ∈ K and t ∈ T , we have
(x,0)t(y,0)t = (tx,0)(ty,0) = (tx+ ty, f˜ (tx, ty) = (tx+ ty, t f˜ (x,y)) = [(x,0)(y,0)]t ,
(4.74)
thus T acts on G by group automorphisms by componentwise multiplication. If
(0,x), (0,y) are any two nontrivial involutions, then (0,x) = (0,y)xy
−1
. Thus, T acts
transitively on I where I ∼= K+ and (G,T ) is an abelian Suzuki 2-group over K.
Therefore, by Theorem 4.4.5, isomorphism classes of abelian Suzuki 2-groups of
exponent 4 over a ﬁeld K of characteristic 2 are in a one-to-one correspondence
with the elements of the 2-dimensional cohomology group H2(K,K) whose preimages
f˜ ∈ Z2(K,K) are the cocycles satisfying properties (i), (ii) and (iii). 
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5. NONABELIAN SUZUKI 2-GROUPS OF EXPONENT 4
5.1 Quasi-abelian Suzuki 2-Groups
5.1.1 Notation and Terminology
Throughout this section K denotes a perfect ﬁeld of characteristic 2, K+ and K denote
the additive and the multiplicative groups of K, respectively. I denotes the set of
involutions in a Suzuki 2-group G. When we say that a map " f : K ×K → K is
K-multiplicative" we mean that f (tx, ty) = t f (x,y) for all t,x,y ∈ K. If (G,T ) is a
nonabelian free Suzuki 2-group of exponent 4 such that for any element g ∈ G, the
subgroup < gT > is abelian, then we say that (G,T ) is a quasi-abelian Suzuki 2-group.
5.1.2 Properties of Quasi-abelian Suzuki 2-Groups
Lemma 5.1.1 Assume that (G,T ) is a quasi-abelian Suzuki 2-group over K. Then G/I
is a vector space over K by the induced action of T as multiplication of a vector by a
scalar.
Proof. Deﬁne the operation of multiplication by a scalar as xg= gx for g∈G/I, x ∈K.
Deﬁne the vector addition on G/I by g+h= gh for all g,h ∈ G/I. Then
x(yg) = xgy = gxy = (xy)g, (5.1)
(x+ y)g= gx+y = gxgy = gx+gy, (5.2)
x(g+h) = xgh= (gh)x = gxhx = gx+hx = xg+ xh, (5.3)
1g= g (5.4)
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for all x,y ∈ K, g,h ∈G/I. Equalities (5.2) and (5.3) exhibit that the distributivity laws
hold in G/I. Since G is of exponent 4, G/I is abelian and it becomes a vector space
over K together with these operations. 
Deﬁnition 5.1.1 If dimension of G/I over K is equal to n− 1 for some n ∈ N, then
(G,T ) is called an n-dimensional quasi-abelian Suzuki 2-group.
Lemma 5.1.2 Let (G,T ) be a 3-dimensional quasi-abelian Suzuki 2-group over K.
Then there are g,h ∈ G such that g2 = h2 = a and {g,h} is a basis for G/I over K.
Proof. Take any g ∈G\ I and put a= g2. Since G is nonabelian, the subgroup < gT >
of G is proper. Take any h ∈ G\ < gT > of order 4. If h2 = b, then since T acts
transitively on I, there is s ∈ T with a= bs. Without loss of generality, we may replace
h by hs to get g2 = h2 = a. If xg+yh= 0 for some x,y∈K then gxhy = I which implies
x= y= 0. Thus, {g,h} is a basis of G/I over K. 
Lemma 5.1.3 Let (G,T ) be a 3-dimensional quasi-abelian Suzuki 2-group over K.
Assume that {g,h} is a basis for G/I over K for g,h ∈G with g2 = h2 = a. Then every
element in G can be written uniquely as gxhyaz for x,y,z ∈ T .
Proof. Take any η ∈ G. Then η ∈ G/I = {xg+ yh : x,y ∈ K}= {gxhy : x,y ∈ K}. So,
for some x,y∈K, η and gxhy belong to the same I-coset in G, i.e., η = gxhyaz for some
z ∈ K.
We prove uniqueness: If gxhyaz = gx
′
hy
′
az
′
for some x,y,z,x′,y′,z′ ∈ K. So, gxhy =
gx
′
hy
′
az+z
′
, then xg+ yh = x′g+ y′h in G/I and since {g,h} is basis we have x = x′,
y= y′. But then since G is free, the equality gxhyaz = gxhyaz′ implies that az = az′ , i.e.,
z= z′. 
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5.1.3 Classiﬁcation of 3-dimensional Quasi-abelian Suzuki 2-Groups
Given a K-multiplicative, biadditive, surjective map f :K×K →K with f (x,y) = x+y
for any x,y ∈ K×K, let Gf = K×K×K and T = K. Deﬁne the multiplication
operation on Gf by
(x1,y1,z1)(x2,y2,z2) = (x1+ x2,y1+ y2, f (y1,x2)+
√
x1x2+
√
y1y2+ z1+ z2).
(5.5)
Theorem 5.1.1 Let (G,T ) be 3-dimensional quasi-abelian Suzuki 2-group over K.
Assume that {g,h} is a basis for G/I over K for g,h ∈ G with g2 = h2 = a. Then there
exists a K-multiplicative, biadditive map f : K×K → K such that hygx = gxhya f (y,x)
and f (x,y) = x+ y for all (x,y) ∈ K×K.
Conversely, if f : K×K → K is a K-multiplicative, biadditive map with f (x,y) = x+y
for any x,y ∈ K×K, then (Gf ,T ) is a quasi-abelian Suzuki 2-group over the ﬁeld K
and the action of T on Gf is componentwise multiplication.
Proof of Theorem 5.1.1. Since G/I is abelian, hygx = gxhy, so gxhy and hygx belong
to the same I-coset in G thus there exists a map f : K×K → K with gxhy = hygxa f (y,x).
For x,y ∈ K, the element gxhyaz is not an involution, so,
1 = (gxhyaz)2 = gxhygxhyaz+z = gxgxhyhya f (x,y) = a f (x,y)+x+y, (5.6)
hence f (x,y) = x+ y for all (x,y) ∈ K×K.
Lemma 5.1.4 f is biadditive.
Proof of Lemma 5.1.4. By associativity in G
gxhy1+y2a f (y1+y2,x) = hy1+y2gx = hy1hy2gxa
√
y1y2 = hy1gxhy2a f (y2,x)+
√
y1y2
= gxhy1hy2a f (y1,x)+ f (y2,x)+
√
y1y2 = gxhy1+y2a f (y1,x)+ f (y2,x). (5.7)
(5.7) implies that f (y1+ y2,x) = f (y1,x)+ f (y2,x). Similarly,
gx1+x2hya f (y,x1+x2) = hygx1+x2 = hygx1gx2a
√
x1x2 = gx1hygx2a f (y,x1)+
√
x1x2
= gx1gx2hya f (y,x1)+ f (y,x2)+
√
x1x2 = gx1+x2hya f (y,x1)+ f (y,x2) (5.8)
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Equality (5.8) gives f (y,x1+ x2) = f (y,x1)+ f (y,x2).
Lemma 5.1.5 f is K-multiplicative.
Proof of Lemma 5.1.5.
gtxhtya f (tx,ty) = htygtx = (hygx)t = (gxhy)t(a f (xy))t = gtxhtyat f (x,y). (5.9)
(5.9) implies that f is K-multiplicative.
Lemma 5.1.6 The operation deﬁned in (5.5) is associative.
Proof of Lemma 5.1.6. Since f is biadditive, we obtain the following equalities:
[(x1,y1,z1)(x2,y2,z2)](x3,y3,z3)
= (x1+ x2,y1+ y2, f (y1,x2)+
√
x1x2+
√
y1y2+ z1+ z2)(x3,y3,z3)
= (x1+ x2+ x3,y1+ y2+ y3, f (y1+ y2,x3)+
√
(x1+ x2)x3+
√
(y1+ y2)y3
+ f (y1,x2)+
√
x1x2+
√
y1y2+ z1+ z2+ z3)
= (x1+ x2+ x3,y1+ y2+ y3, f (y1,x3)+ f (y2,x3)
+
√
x1x3+
√
x2x3+
√
y1y3+
√
y2y3+ f (y1,x2)+
√
x1x2+
√
y1y2+ z1+ z2+ z3)
(5.10)
On the other hand,
(x1,y1,z1)[(x2,y2,z2)(x3,y3,z3]
= (x1,y1,z1)(x2+ x3,y2+ y3, f (y2,x3)+
√
x2x3+
√
y2y3+ z2+ z3)
= (x1+ x2+ x3,y1+ y2+ y3,(y1,x2+ x3)+
√
(x2+ x3)x1+
√
(y2+ y3)y1
+ z1+ z2+ z3+
√
x2x3+
√
y2y3+ f (y2,x3))
= (x1+ x2+ x3,y1+ y2+ y3, f (y1,x2)+ f (y1,x3)+ f (y2,x3)
+
√
x1x2+
√
x1x3+
√
y1y2+
√
y1y3+
√
x2x3+
√
y2y3+ z1+ z2+ z3) (5.11)
Equalities (5.10) and (5.11) give the associativity in G.
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Lemma 5.1.7 (G,T ) is a quasi-abelian Suzuki 2-group over K.
Proof of Lemma 5.1.7. Every element (x,y,z) in G has an inverse (x,y,z)−1 =
(x,y, f (y,x)+ x+ y+ z), since for any x,y,z ∈ K, the equality
(x,y,z,)(a,b,c) = (x+a,y+b, f (y,a)+
√
xa+
√
yb+ z+ c) = (0,0,0) (5.12)
implies a= x, b= y, and c= f (y,x)+ x+ y+ z.
Note that G is nonabelian since f (y1,x2) = f (y2,x1) in general.
Since f (y,x) = x+ y for any x,y ∈ K×K, for (x,y,z) ∈ G,
(x,y,z)(x,y,z) = (0,0, f (y,x) + x+ y) = (0,0,0) if and only if f (y,x) = x+ y if and
only if x= y= 0 and hence, the set of involutions I is equal to {(0,0,z) : z ∈ K}  K+.
Since G/I is is of exponent 2, it is abelian, so G is nilpotent of class 2.
Note that since f is biadditive, f (0,x) = f (0 + 0,x) = f (0,x) + f (0,x) = 0 =
f (y,0) for all x,y ∈ K and therefore, the center of G consists of involutions since
(x,y,z,)(a,b,c) = (x+ a,y+ b, f (y,a)+
√
xa+
√
yb+ z+ c) = (a+ x,b+ y, f (b,x)+
√
xa+
√
yb+ z+c) = (a,b,c)(x,y,z,) for all x,y,z ∈ K, if and only if f (y,a) = f (b,x)
for all x,y ∈ K if and only if a= b= 0
Since f is K-multiplicative, for all x,y,z ∈ K, t ∈ T , we have
(x1,y1,z1)t(x2,y2,z2)t = (tx1, ty1, tz1)(tx2, ty2, tz2)
= (tx1+ tx2, ty1+ ty2, f (ty1, tx2)+ t
√
x1x2+ t
√
y1y2+ tz1+ tz2)
= (x1+ x2,y1+ y2, f (y1,x2)+
√
x1x2+
√
y1y2+ z1+ z2)t
= ((x1,y1,z1)(x2,y2,z2))t . (5.13)
Hence, T acts on G by automorphisms.
T acts transitively on the set of involutions for if (0,0,s),(0,0,z) are nontrivial
involutions then (0,0,s) = (0,0,sz−1z) = (0,0,z)sz−1 . Thus, (G,T ) is a nonabelian free
Suzuki 2-group of exponent 4 over K. Finally, for all x∈K, the subgroup< (x,0,0)T >
of G is abelian and therefore (G,T ) is a 3-dimensional quasi-abelian Suzuki 2-group.

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5.1.4 An Example of a 3-dimensional Quasi-abelian Suzuki 2-Group
Example 5.1.1 Let K be the polynomial ﬁeld F2(t, t1/2, ..., t1/2
n
, ...),
G=K×K×K and T =K. Let f (x,y)=√xy for all x,y∈K. Deﬁne the multiplication
operation in G by
(x1,y1,z1)(x2,y2,z2) = (x1+ x2,y1+ y2,
√
y1x2+
√
x1x2+
√
y1y2+ z1+ z2). (5.14)
If f (x,y) =
√
xy = x+ y for some x,y ∈ K, then y−1√xy = y−1x+ 1 and
√
xy−1 =
y−1x+1. Substituting z= xy−1, we have
z= z2+1. (5.15)
Since F4  K, there is no element in K satisfying equality (5.15). Therefore, f (x,y) =
√
xy = x+ y if and only if x = y = 0. Clearly, f is K-multiplicative and since
characteristic of K is 2, it is biadditive. The action of T on G is componentwise
multiplication. So, (G,T ) is a 3-dimensional quasi-abelian Suzuki 2-group over the
ﬁeld K.
5.1.5 Classiﬁcation of n-dimensional Quasi-abelian Suzuki 2-Groups
Theorem 5.1.2 Let (G,T ) be an (n+1)-dimensional quasi-abelian Suzuki 2-group
over K, n ∈ N. Then there are g1, ...,gn ∈ G such that
g21 = ...= g
2
n = a and {g1, ...,gn} is a basis for G/I over K. Furthermore any element
in G can be written uniquely as gx11 ...g
xn
n a
y for xi,y ∈ K, i = 1, ...,n and there exist
K-multiplicative, biadditive maps fi j : K×K → K i, j = 1, ...,n; i< j such that
f12(x1,x2)+ ...+ f1n(x1,xn)+ f23(x2,x3)+ ...+ f2n(x2,xn)+ ...
+ fn−2,n−1(xn−2,xn−1)+ fn−2,n(xn−2,xn)+ fn−1,n(xn−1,xn)
= x1+ ...+ xn (5.16)
for all (xi,x j) ∈ K×K with at least two nonzero xm,xs ∈ K for some m,s ∈ {1, ...,n}
and
gxii g
x j
j = g
x j
j g
xi
i a
fi j(xi,x j) (5.17)
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for all (xi,x j) ∈ K×K.
Conversely, assume that fi j : K ×K → K i, j = 1, ...,n; i < j are K-multiplicative,
biadditive maps satisfying inequality (5.16). Let G= K× ...×K = Kn+1 and T = K.
Deﬁne the multiplication operation on G by
(x1, ...,xn,z1)(y1, ...,yn,z2) = (x1+ y1, ...,xn+ yn,
f1,2(y1,x2)+ ...+ f1,n(y1,xn)+ f2,3(y2,x3)
+ ...+ f2,n(y2,xn)+ ...+ fn−1,n(yn−1,xn))
+
√
x1y1+ ...+
√
xnyn+ z1+ z2). (5.18)
Then T acts on G by componentwise multiplication and (G,T ) is an (n+1)-dimensional
quasi-abelian Suzuki 2-group over K.
Proof of Theorem 5.1.2.
Lemma 5.1.8 There exist maps fi j :K×K→K, i, j= 1, ...,n; i< j, satisfying equality
(5.17).
Proof of Lemma 5.1.8. It follows from Theorem 5.1.1.
Lemma 5.1.9 There exist g1, ...,gn ∈ G such that g21 = ...= g2n = a and {g1, ...,gn} is
a basis for G/I over K. Furthermore, any element in G can be written uniquely as
gx11 ...g
xn
n a
y for xi,y ∈ K, i= 1, ...,n.
Proof of Lemma 5.1.9. By Lemma 5.1.1, G/I is a vector space over K. The rest
of the proof is analogous to the proofs of Lemma 5.1.2 and Lemma 5.1.3. Take any
g1 ∈G\ I. Let g21 = a. Take any g2 ∈G\< gT1 >. If g22 = a then we may replace g2 by
gs2 for some s ∈ T to obtain g1,g2 ∈G with g21 = g22 = a. Continuing this process, after
n steps we obtain g1, ...,gn ∈ G such that {g1, ...,gn} is a basis for G/I over K. Then
every element of G can be written uniquely as gx11 ...g
xn
n a
z for xi,z ∈ K, i= 1, ...,n.
Lemma 5.1.10 The maps fi j’s i, j= 1, ...,n; i< j are biadditive and K-multiplicative..
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Proof of Lemma 5.1.10. Proof is analogous to the proofs of Lemma 5.1.4, Lemma
5.1.5 and Lemma 5.1.6. By associativity of G, the maps fi j’s i, j = 1, ...,n; i < j are
biadditive and since T acts by automorphisms on G, they are K-multiplicative.
Lemma 5.1.11 Inequality (5.16) holds.
Proof of Lemma 5.1.11. For xi,y ∈ K, i= 1, ...,n, such that xm.xs = 0 for some m,s ∈
{1, ...,n}, we have
1 = (gx11 gx22 ...gxnn ay)2
= gx11 g
x2
2 ...g
xn
n g
x1
1 g
x2
2 ...(g
xn−1
n−1g
xn
n )a
y+y
= gx11 g
x2
2 ...g
xn
n g
x1
1 g
x2
2 ...g
xn
n g
xn−1
n−1a
fn−1,n(xn−1,xn)
= gx11 ...g
xn−1
n−1g
x1
1 ...g
xn−1
n−1a
fn−1,n(xn−1,xn)+...+ f1,n(x1,xn)
= ...
= a fn−1,n(xn−1,xn)+...+ f1,n(x1,xn)+...+ f1,2(x1,x2)+x1+...+xn . (5.19)
Since (G,T ) is a free Suzuki 2-group, inequality (5.19) implies (5.16).
Lemma 5.1.12 G is a nonabelian group of exponent 4 with the operation deﬁned in
(5.18).
Proof of Lemma 5.1.12. Analogous to Lemma 5.1.7, associativity in G, follows by
biadditivity of the maps fi j’s i, j = 1, ...,n; i< j.
Every element in G has an inverse
(x1, ...,xn,z)−1 = (x1, ...,xn, f1,2(x1,x2)+ ...+ f1,n(x1,xn)+ ...+ fn−1,n(xn−1,xn)
+ x1+ ...+ xn+ z). (5.20)
G is nonabelian since,
f1,2(y1,x2)+ ...+ f1,n(y1,xn)+ ...+ fn−1,n(yn−1,xn) =
f1,2(x1,y2)+ ...+ f1,n(x1,yn)+ ...+ fn−1,n(xn−1,yn), (5.21)
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in general, for xi,yi ∈ K, i= 1, ...,n. G is a group of exponent 4, since
(x1, ...,xn,z)4 = (0, ...,0, f1,2(x1x2)+ ...+ f1,n(x1,xn)+ ...+ fn−1,n(xn−1,xn)
+ x1+ ...+ xn)2 = (0, ...0,0). (5.22)
Lemma 5.1.13 (G,T ) is an (n+1)-dimensional quasi-abelian Suzuki group.
Proof of Lemma 5.1.13. Since the center of G consists of involutions, G is
nilpotent of class 2. By componentwise multiplication, T acts freely on G by group
automorphisms. T acts transitively on I, for if (0, ...,0,s),(0, ...,0,z) are nontrivial
involutions then (0, ...,0,s) = (0, ...,0,sz−1z) = (0,0,z)sz−1 , s,z ∈ K. For any xi ∈ K,
the subgroups < (0, ...,xi,0, ...,0)T > are abelian for i= 1, ...,n. Therefore, (G,T ) is a
quasi-abelian Suzuki 2-group over K. 
5.1.6 An Example of an n-dimensional Quasi-abelian Suzuki 2-Group
Example 5.1.2 Fix n ∈ N. Let K = F2(t1, ..., tn−1)(t1/2
m
i : i = 1, ...,n− 1;m ∈ N).
Deﬁne fi j : K×K → K by fi j(xi,x j) =√xix j for i, j = 1, ...,n−1; i< j. Then f ′i js are
biadditive, K-multiplicative maps satisfying (5.16) and (5.17). Let G = K× ...×K =
Kn and T = K. Deﬁne the multiplication operation on G as in (5.18). Then T acts
on G by componentwise multiplication and (G,T ) is an n-dimensional quasi-abelian
Suzuki 2-group over K.
5.2 Smart Suzuki 2-Groups
5.2.1 Notation and Terminology
For any ﬁeld K, we denote the additive and multiplicative groups in K by K+ and
K, respectively. Let (G,T ) be a nonabelian Suzuki 2-group of exponent 4. If T acts
transitively and freely on G/I, then we say that (G,T ) is a smart Suzuki 2-group.
If (G,T ) is a smart Suzuki 2-group, by Lemma 2.2.1, T ∪ {0} and T/CT (I)∪ {0˜}
become ﬁelds where 0 and 0˜ are new symbols. Throughout this section, K denotes
T ∪{0} and k denotes T/CT (I)∪{0˜}. We have K+ G/I and k⊕  I, where + and ⊕
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denote the induced additions on K and k, respectively. We say that K is the wide ﬁeld
and k is the narrow ﬁeld associated to G.
5.2.2 Properties of Smart Suzuki 2-Groups
We deﬁne maps α : K → k by α(t) = t for all t ∈ T and α(0) = 0˜; and β : K×K → k
by aβ (x,y) = [gx,gy] = (gx)−1(gy)−1gxgy for all x,y ∈ T and β (0,0) = 0˜, for any g ∈ G
of order 4 with a= g2.
Lemma 5.2.1 Such β exists and unique, it is independent of the choice of the element
g ∈ G.
Proof. Since G′ = I, such β exists and as T/CT (I) acts freely on I, β is unique.
Moreover, since T acts transitively on G/I, β is independent of choice of the element
g ∈ G, that is, if h ∈ G/I, then h= gs for some s ∈ T , so
[hx,hy] = [(gs)x,(gs)y] = [gx,gy]s = (as)β (x,y) = (h2)β (x,y). (5.23)

α is called the characteristic map of G, and β is called the commutator map of G.
Lemma 5.2.2 Let (G,T ) be a smart Suzuki 2-group. Then G/I becomes a one
dimensional vector space over K.
Proof. We deﬁne the operation of multiplication by a scalar by x.g= gx for all g ∈ G,
x ∈ K and the vector addition addition on G/I by g+ h = gh for all g,h ∈ G. Now
G/I is an additive abelian group. We need distributivity: For any t,x,y ∈ K and g ∈G,
t(gx+gy) = t(gx+gy) = t(gxgy) = (gxgy)t = gxtgyt = gxt+gyt = tgx+tgy. On the other
hand, (t+ y)gx = (t+ y)gx = gx(t+y) = gxt+xy = g
xt+xy
= gxtgxy = gxtgxy = tgx+ ygx. 
Let us ﬁx an element g ∈G of order 4 and put a= g2. We deﬁne a map fg : K×K → k
by gxgy = gx+ya fg(x,y), for all x,y ∈ K.
Lemma 5.2.3 Let (G,T ) be a smart Suzuki 2-group and g ∈G be an element of order
4. Then
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(i) fg is well-deﬁned.
(ii) fg is a 2-cocycle.
Proof.
(i) Let x,y, t ∈ K and put a = g2. By deﬁnition of addition on K, gx+y = gxgy so
gxgy = gx+ya fg(x,y) and
gtx+tya f (tx,ty) = gtxgty = (gxgy)t = (gx+ya fg(x,y))t = gtx+tyat fg(x,y) (5.24)
implies
a fg(tx,ty) = at fg(x,y). (5.25)
Let h ∈ G be any other element of order 4. Since G is a smart Suzuki 2-group, h = gt
for some t ∈ T . Then h= gtb for some b ∈ I, h2 = at and gt = hb so by (5.25)
hxhy = (gtb)x(gtb)y = gtxgtybxby = gtxgtybxby = gtx+tya fg(tx,ty)bx⊕y
= gtx+tyat fg(x,y)bx⊕y = (gt)x+y(at) fg(x,y)bx⊕y = (hb)x+y(h2) fg(x,y)bx⊕y
= hx+ybx+y(h2) fg(x,y)bx⊕y = hx+y(h2) fg(x,y)bx+ybx⊕y
= hx+y(h2) fg(x,y)bx+ybx⊕y = hx+y(h2) fg(x,y)bx+y⊕x⊕y. (5.26)
Since T acts transitively on I, bx+y⊕x⊕y = (h2)s for some s ∈ T/CT (I). Therefore,
(5.26) implies that
hxhy = hx+y(h2) fg(x,y)(h2)s = hx+y(h2) fg(x,y)⊕s. (5.27)
Since hxhy = hx+y(h2) fh(x,y), we have fh(x,y) = fg(x,y)⊕ s.
(ii) We need to show that fg satisﬁes the cocycle identity (4.67). We have
(gxgy)gz = gx+ya fg(x,y)gz = gx+ygza fg(x,y) = gx+y+za fg(x,y)⊕ fg(x+y,z). (5.28)
On the other hand,
gx(gygz) = gxgy+za fg(y,z) = gx+y+za fg(y,z)⊕ fg(x,y+z). (5.29)
The result follows by the associativity in G. 
We say that fg is a 2-cocycle associated to G.
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Lemma 5.2.4 We have the following commutator properties for any g,h ∈ G of order
4 and x ∈ K:
[g,h] = g−1h−1gh= (gh)2g2h2, (5.30)
[g1g2,h] = [g1,h][g2,h], (5.31)
[gx,hx] = [g,h]x. (5.32)
Proof. Since g2,h2 ∈ I = Z(G),
[g,h] = g−1h−1gh= g3h3gh= gg2h2hgh= gg2hghh2 = ghghg2h2 = (gh)2g2h2.
(5.33)
By using (5.30) and the equality gh= hg[g,h] repeatedly, we have
[g1g2,h] = (g1g2h)2(g1g2)2h2 = g1g2hg1g2h(g1g2)2h2
= g2g1[g1,g2]hg1g2h(g1g2)2h2 = g2g1[g1,g2]hg1hg2[g2,h](g1g2)2h2
= g2g1hg1hg2[g1,g2][g2,h](g1g2)2h2 = g2(g1h)2g2[g1,g2][g2,h](g1g2)2h2
= (g1h)2g22[g1,g2][g2,h](g1g2)
2h2
= (g1h)2g22[g1,g2][g2,h]g
2
1g
2
2[g1,g2]h
2
= (g1h)2[g1,g2][g2,h]g21[g1,g2]h
2 = (g1h)2[g2,h]g21h
2
= (g1h)2g21h
2[g2,h] = [g1,h][g2,h]. (5.34)
Finally, again by using (5.30) repeatedly, we obtain
[gx,hx] = (gxhx)2(gx)2(hx)2 = ((gh)2)x(g2)x(h2)x = ((gh)2g2h2)x = [g,h]x (5.35)
since T acts on G by automorphisms.
Proposition 5.2.1 Let (G,T ) be a smart Suzuki 2-group. Then the following are
satisﬁed for all x,y,z ∈ K:
(i) β (x,y) = δα(x,y) = α(x+ y)⊕α(x)⊕α(y).
(ii) β is biadditive,
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(iii) β (zx,zy) = α(z)β (x,y),
(iv) β (x,y) = fg(x,y)⊕ fg(y,x), for any element g ∈ G of order 4.
(v) α(x) = fg(x,x) for any element g ∈ G of order 4.
Proof.
(i)
aβ (x,y) = [gx,gy] = (gx)−1(gy)−1gxgy = (gxgy)2(gx)2(gy)2
= (gx+y)2(gx)2(gy)2 = ax+yaxay = ax+yaxay
= aα(x+y)aα(x)aα(y) = aα(x+y)⊕α(x)⊕α(y) = aδα(x,y). (5.36)
Since T/CT (I) acts freely on I, β (x,y) = δα(x,y).
(ii) By (5.31),
aβ (x+y,z) = [gx+y,gz] = [gxgy,gz] = [gx,gz][gy,gz]
= aβ (x,z)aβ (y,z) = aβ (x,z)⊕β (y,z). (5.37)
Thus β (x+ y,z) = β (x,z)⊕β (y,z).
(iii) By (5.32),
aβ (zx,zy) = [gzx,gzy] = [gx,gy]z = (aβ (x,y))z = (az)β (x,y) = (aα(z))β (x,y) = aα(z)β (x,y).
(5.38)
Thus, β (zx,zy) = α(z)β (x,y).
(iv)Equality
aβ (x,y) = [gx,gy] = (gx)−1(gy)−1gxgy (5.39)
implies
gygx = gxgyaβ (x,y). (5.40)
On the other hand, we have
gygx = gy+xa fg(y,x). (5.41)
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Now (5.40) and (5.41) together imply that
gy+xa fg(y,x) = gx+ya fg(x,y)aβ (x,y), (5.42)
so a fg(y,x) = a fg(x,y)⊕β (x,y), i.e., β (x,y) = fg(x,y)⊕ fg(y,x).
If h ∈G is any other element of order 4, then ht = g for some t ∈ T and g= htb, b ∈ I.
Now by (5.32),
aβ (x,y) = [gx,gy] = [htx,hty] = [hx,hy]t = h−txh−tyhtxhty, (5.43)
so,
htyhtxaβ (x,y) = htxhty (5.44)
while by (5.27)
htxhty = htx+ty(h2)t fg(x,y)⊕ts (5.45)
for some s ∈ T . Thus, (5.44) and (5.45) together imply that
hty+tx(h2)t fg(y,x)⊕tsaβ (x,y) = htx+ty(h2)t fg(x,y)⊕ts. (5.46)
Since h2 = at
−1
, (5.46) implies that
(at
−1
)t fg(y,x)⊕tsaβ (x,y) = (at
−1
)t fg(x,y)⊕ts, (5.47)
that is,
(at
−1t) fg(y,x)⊕saβ (x,y) = (at
−1t) fg(x,y)⊕s (5.48)
which gives
a fg(y,x)⊕saβ (x,y) = a fg(x,y)⊕s. (5.49)
We have
aβ (x,y) = a fg(x,y)⊕sa fg(y,x)⊕s = a fg(x,y)⊕s⊕ fg(y,x)⊕s = a fg(x,y)⊕ fg(y,x) (5.50)
and again we obtain β (x,y) = fg(x,y)⊕ fg(y,x).
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(v) Since K is of characteristic 2,
aα(x) = ax = ax = (g2)x = (gx)2 = gx+xa fg(x,x) = a fg(x,x), (5.51)
so α(x) = fg(x,x). 
Let g,h ∈G be elements of order 4 with g2 = a, and h= gtb for some t ∈ T , b ∈ I with
b= (h2)r, r ∈ T .
Lemma 5.2.5 Any two 2-cocycles fg and fh associated to G, differ by a multiple of
the commutator map β of G, that is
fh(x,y) = fg(x,y)⊕ rβ (x,y). (5.52)
Proof. Equality (5.26) implies that
hxhy = hx+y(h2) fg(x,y)bx+y⊕x⊕y
= hx+y(h2) fg(x,y)bα(x+y)⊕α(x)⊕α(y) = hx+y(h2) fg(x,y)bδα(x,y)
= hx+y(h2) fg(x,y)bβ (x,y) = hx+y(h2) fg(x,y)(h2)rβ (x,y)
= hx+y(h2) fg(x,y)⊕rβ (x,y). (5.53)
Since we also have hxhy = hx+y(h2) fh(x,y), the result follows by equality (5.54).
5.2.3 Classiﬁcation of Smart Suzuki 2-Groups
Theorem 5.2.1 The wide and narrow ﬁelds and the characteristic map associated to a
smart Suzuki 2-group determine the structure of the Suzuki 2-group. That is, if (Gi,Ti)
are smart Suzuki 2-groups for i = 1,2, then G1 and G2 are isomorphic smart Suzuki
2-groups if and only if there exist ﬁeld isomorphisms Ψ : K1 → K2, Φ : k1 → k2 such
that the diagrams
K1×K1 −−−→ K2×K2
β1
 β2

k1
φ−−−→ k2
(5.54)
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K1
Ψ−−−→ K2
α1
 α2

k1
φ−−−→ k2
(5.55)
commute.
Proof. Assume that θ : G1 →G2 is a smart Suzuki 2-group isomorphism. Let g1 ∈G1
be an element of order 4, put a1 = g21, g2 = θ(g1) and a2 = g
2
2. Then there are maps
Ψ : K1 → K2 and Φ : k1 → k2 such that
θ(gx11 ) = θ(g1)
Ψ(x1) = gΨ(x1)2 , (5.56)
and that
θ(ax11 ) = θ(a
α1(x1)
1 ) = a
Φ(α1(x1))
2 (5.57)
for all x1 ∈K1. There is an isomorphism between G1/I1 and G2/I2 induced by θ . Thus,
θ(g1x1g1y1) = θ(g1x1+y1) = g2Ψ(x1+y1). (5.58)
On the other hand,
θ(g1x1)θ(g1y1) = g2Ψ(x1)g2Ψ(y1) = g2Ψ(x1)+Ψ(y1), (5.59)
now since T2 acts freely on G2/I2, equalities (5.58) and (5.59) imply
Ψ(x1+ y1) =Ψ(x1)+Ψ(y1) (5.60)
for all x1,y1 ∈ K1. Also,
θ((g1x1)y1) = θ(g1x1y1) = g2Ψ(x1y1) (5.61)
and that
θ((g1x1)y1) = θ(g1x1)Ψ(y1) = (g2Ψ(x1))Ψ(y1) = g2Ψ(x1)Ψ(y1) (5.62)
since T1 acts freely on G1/I1, equalities (5.61) and (5.62) give
Ψ(x1y1) =Ψ(x1)Ψ(y1) (5.63)
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for all x1,y1 ∈ K1. Equalities (5.60) and (5.63) give that Ψ : K → K is a ﬁeld
homomorphism. Since θ is a smart Suzuki 2-group isomorphism, θ−1 : G2 → G1
is also a Suzuki 2-group isomorphism such that
g1x1 = θ−1(g2Ψ(x1)) = θ−1(g2)η(Ψ(x1)) = g1η(Ψ(x1)), (5.64)
hence η =Ψ−1, and Ψ : K1 → K2 is a ﬁeld isomorphism. Moreover, we have
θ(ax11 a
y1
1 ) = θ(a
α1(x1)
1 a
α1(y1)
1 ) = θ(a
α1(x1)⊕α1(y1)
1 ) = a
φ(α1(x1)⊕α1(y1))
2 (5.65)
θ(ax11 a
y1
1 ) = θ(a
α1(x1)
1 )θ(a
α1(y1)
1 ) = a
φ(α1(x1))
2 a
φ(α1(y1))
2 = a
φ(α1(x1))⊕φ(α1(y1))
2 . (5.66)
Since T2/CT2(I2) acts freely on I2, equalities (5.65) and (5.66) imply that
φ(x1⊕ y1) = φ(α1(x1)⊕α1(y1)) = φ(α1(x1))⊕φ(α1(y1)) = φ(x1)⊕φ(y1) (5.67)
for all x1,y1 ∈ k1. We have
aφ(α1(x1)α1(y1))2 = θ(a
α1(x1)α1(y1)
1 ) = θ((a
x1
1 )
y1) = θ((aα1(x1)1 )
α1(y1))
= (aφ(α1(x1))2 )
φ(α1(y1)) = aφ(α1(x1))φ(α1(y1))2 (5.68)
so, φ is multiplicative and thus, φ is a ﬁeld homomorphism. Moreover, φ : k1 → k2 is
a ﬁeld isomorphism since
ax11 = a
α1(x1)
1 = θ
−1(aφ(α1(x1))2 ) = a
ρ(φ(α1(x1)))
1 = a
ρ(φ(x1))
1 (5.69)
for some homomorphism ρ : k2 → k1. Since T1/CT1(I1) acts freely on I1, we have
ρ = φ−1.
Finally, we will prove that diagrams (5.54) and (5.55) commute:
aφ(β1(x1,y1))2 = θ(a
β1(x1,y1)
1 ) = θ([g
x1
1 ,g
y1
1 ]) = θ(g
−x1
1 )θ(g
−y1
1 )θ(g
x1
1 )θ(g
y1
1 )
= g−Ψ(x1)2 g
−Ψ(y1)
2 g
Ψ(x1)
2 g
Ψ(y1)
2 = [g
Ψ(x1)
2 ,g
Ψ(y1)
2 ] = a
β2(Ψ(x1),Ψ(y1))
2 . (5.70)
Since T2/CT2(I2) acts freely on I2, equality (5.70) implies that
φ(β1(x1,y1)) = β2(Ψ(x1),Ψ(y1)) (5.71)
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for all x1,y1 ∈ K1 and diagram (5.54) commutes. Also,
aφ(α1(x1))2 = θ(a1)
φ(α1(x1)) = θ(aα1(x1)1 ) = θ(a
x1
1 ) = θ(a1)
Ψ(x1)
= aΨ(x1)2 = a
α2(Ψ(x1))
2 (5.72)
Equality (5.72) gives
φ(α1(x1)) = α2(Ψ(x1)) (5.73)
for all x1 ∈ K1 and diagram (5.55) commutes.
Conversely, assume that there exist the ﬁeld isomorphisms Ψ : K1 → K2, φ : k1 → k2
such that diagrams (5.54) and (5.55) commute. For j = 1,2, let I j denote the set
of involutions in Gj, ﬁx an element g1 ∈ G1 of order 4. Since Gj are smart Suzuki
2-groups, K+j ∼= Gj/I j. Identify Kj by Gj/I j. Put
g2 =Ψ(g1) (5.74)
and
a j = g2j . (5.75)
Since I j ∼= k⊕j , the ﬁeld isomorphismΦ : k1 → k2 induces an isomorphism I1 → I2 such
that ax11 → aφ(x1)2 . By abuse of notation we will write φ(ax11 ) instead of aφ(x1)2 .
Since characteristic of Ki is 2, Ki is a vector space over Z2. Let Ω be an index set, and
choose a basis {g1i}i∈Ω for K1.
Put
g2i =Ψ(g1i) (5.76)
for i ∈ Ω. Let g1i ∈ G1 and g2i ∈ G2 be the liftings of g1i and g2i, respectively. Let
g ∈ G1. Then
g= g11+ ...+g1k. (5.77)
So, g= g11...g1ka for some a ∈ I1. We deﬁne θ : G1 → G2 by
θ(g) = g21...g2kφ(a). (5.78)
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Lemma 5.2.6 θ is well-deﬁned.
Proof of Lemma 5.2.4. Consider the case when k = 2. Let g = g11 + g12. Since G1
is a smart Suzuki 2-group, T1 acts transitively on G1/I1, so g11 = g1x1 , g12 = g1y1 and
g21 = g2Ψ(x1), g22 = g2Ψ(y1).
By commutativity of diagram (5.54), we have
φ(β1(x1,y1)) = β2(Ψ(x1),Ψ(y1)) (5.79)
for all x1,y1 ∈ K1. Then
g21g22 = θ(g11g12) = θ(g) = θ(g12g11[g11,g12]) = g22g21Φ([g11,g12])
= g22g21Φ([gx11 ,g
y1
1 ]) = g22g21Φ(a
β1(x1,y1)
1 )
= g22g21a
Φ(β1(x1,y1))
2 = g22g21a
β2(Ψ(x1),Ψ(y1))
2
= g22g21[g
Ψ(x1)
2 ,g
Ψ(y1)
2 ] = g22g21[g21,g22]. (5.80)
The general case follows by induction.
Lemma 5.2.7 θ is a homomorphism.
Proof of Lemma 5.2.5. Let
g= g11g12...g1k, (5.81)
g′ = g′11g
′
12...g
′
1m (5.82)
in G1 for k,m ∈Ω. If g1i’s are different than g′1 j for all i, j then
θ(gg′) = θ(g11g12...g1kg′11g
′
12...g
′
1m) = g21g22...g2kg
′
21g
′
22...g
′
2m
= θ(g11g12...g1k)θ(g′11g
′
12...g
′
1m) = θ(g)θ(g
′). (5.83)
If there is a common factor in g and g′, we consider the case when k = 1 and m = 2.
Put g= g11, g′ = g11g12.
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The characteristic map α1 of G1 can be also considered as a map α : G1/I1 → I1 via
the following diagram
K1
α1−−−→ k1
t α1(t) = t

gt at
G1/I1 −−−→ I1
(5.84)
where
α1(gt) = at = at = (g2)t = (gt)2. (5.85)
Then by commutativity of diagram (5.55) we have α2 = φα1Ψ−1, so
θ(gg′) = θ(g11g11g12) = θ(a11g12) = φ(a11)g22
= φ(g211)g22 = φ(α1(g11))g22 = φ(α1(Ψ
−1(g21)))g22
= α2(g21)g22 = g221g22 = g21g21g22 = θ(g11)θ(g11g12) = θ(g)θ(g
′). (5.86)
The general case follows by induction.
Lemma 5.2.8 θ is an isomorphism.
Proof of Lemma 5.2.6. By replacing indices 1 and 2, we can obtain another
homomorphism ϒ : G2 → G1 and by construction, θ ◦ϒ= Id. Hence, ϒ= θ−1. 
5.2.4 Examples of Smart Suzuki 2-Groups
Example 5.2.1 (cf. [1].) Given a ﬁeld L of characteristic 2 and a nontrivial ﬁeld
automorphism Φ : L → L with the property that the maps x → xΦ2x−1 and x → xΦx−1
are surjective, let
Γ= Γ(L,Φ) =




x y z
0 xΦ yΦ
0 0 xΦ
2

 : x,y,z ∈ L,x = 0

 . (5.87)
Then Γ is a nonabelian Suzuki 2-group of exponent 4 whose center is the set of scalar
matrices in Γ. The quotient of Γ by its center is a faithful smart Suzuki 2-group where
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T corresponds to the image of diagonal elements and G to the image of the strictly
upper triangular matrices.
Γ is closed under matrix multiplication:


x y z
0 xΦ yΦ
0 0 xΦ
2




a b c
0 aΦ bΦ
0 0 aΦ
2

=


xa xb+ yaΦ xc+ ybΦ+ zaΦ
2
0 xΦaΦ xΦbΦ+ yΦaΦ
2
0 0 xΦ
2
aΦ
2

 ∈ Γ.
(5.88)
For


x y z
0 xΦ yΦ
0 0 xΦ
2

 ∈ Γ,


x y z
0 xΦ yΦ
0 0 xΦ
2


−1
=


x−1 −x−1x−Φy x−1x−Φx−Φ2yyΦ− x−1x−Φ2z
0 x−Φ −x−Φx−Φ2yΦ
0 0 x−Φ2

 ∈ Γ.
(5.89)
The center Z(Γ) of Γ is the set of scalar matrices in Γ,
Z(Γ) =




a 0 0
0 a 0
0 0 a

 : a ∈ L−{0}

 . (5.90)
Consider the quotient group Γ/Z(Γ). Let T be the image of diagonal elements, i.e.,
T =




x 0 0
0 xΦ 0
0 0 xΦ
2

Z(Γ) : x ∈ L−{0}

 . (5.91)
and let G be the image of strictly uppertriangular matrices, i.e.,
G=




1 y z
0 1 yΦ
0 0 1

Z(Γ) : y,z ∈ L

 . (5.92)
T acts on G by group automorphisms via conjugation:


x−1 0 0
0 x−Φ 0
0 0 x−Φ2




1 y z
0 1 yΦ
0 0 1




x 0 0
0 xΦ 0
0 0 xΦ
2

Z(Γ)
=


1 xφx−1y xφ2x−1z
0 1 xφ
2
x−φyφ
0 0 1

Z(Γ) ∈ G. (5.93)
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Γ/Z(Γ) = GT since any element


a b c
0 aΦ bΦ
0 0 aΦ
2

 ∈ Γ/Z(Γ) can be written as a
product of an element in G and an element in T as


a b c
0 aΦ bΦ
0 0 aΦ
2

Z(Γ) =


1 a−Φb a−Φ2c
0 1 a−Φ2bΦ
0 0 1




a 0 0
0 aΦ 0
0 0 aΦ
2

Z(Γ). (5.94)
Therefore T is a complement of G in Γ/Z(Γ). Hence, Γ/Z(Γ) = GT .
G is a group of exponent 4:


1 y z
0 1 yΦ
0 0 1


4
Z(Γ) =


1 0 yyΦ
0 1 0
0 0 1


2
Z(Γ) =


1 0 0
0 1 0
0 0 1

Z(Γ). (5.95)
The center Z(G) of G is
Z(G) =




1 0 b
0 1 0
0 0 1

Z(Γ) : b ∈ L

 . (5.96)
G/Z(G) is (a group of exponent 2) abelian so Z2(G)/Z1(G) = Z(G/Z1(G)) =
Z(G/Z(G)) =G/Z(G), Z2(G) =G, i.e., G is nilpotent of class 2. The set of involutions
of G is
I =




1 0 z
0 1 0
0 0 1

Z(Γ) : z ∈ L

 . (5.97)
T is an abelian group.
We will show that T acts transitively on involutions. For


x 0 0
0 xΦ 0
0 0 xΦ
2

Z(Γ) ∈ T
and


1 0 y
0 1 0
0 0 1

Z(Γ),


1 0 z
0 1 0
0 0 1

Z(Γ) ∈ I we have


x−1 0 0
0 x−Φ 0
0 0 x−Φ2




1 0 y
0 1 0
0 0 1




x 0 0
0 xΦ 0
0 0 xΦ
2

Z(Γ) =


1 0 z
0 1 0
0 0 1

Z(Γ)
(5.98)
if and only if

 1 0 x
φ2x−1y
0 1 0
0 0 1

Z(Γ) =


1 0 z
0 1 0
0 0 1

Z(Γ) (5.99)
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if and only if for any z,y ∈ L\{0} there exists x ∈ L\{0} such that xφ2x−1 = z−1y−1.
This is true since the map a → aφ2a−1 is surjective in L. Therefore, (G,T ) is a
nonabelian Suzuki 2-group of exponent 4 over L.
For smartness of G we need to show that T acts transitively and freely on G/I. T is
transitive on G/I since


x−1 0 0
0 x−Φ 0
0 0 x−Φ2




1 y 0
0 1 yφ
0 0 1




x 0 0
0 xΦ 0
0 0 xΦ
2

Z(Γ) =


1 z 0
0 1 zφ
0 0 1

Z(Γ)
(5.100)
if and only if


1 xφx−1y 0
0 1 xφ
2
x−φyφ
0 0 1

Z(Γ) =


1 z 0
0 1 zφ
0 0 1

Z(Γ) (5.101)
which is true since the map a → aφa−1 is surjective in L.
T is free on G/I since


x−1 0 0
0 x−Φ 0
0 0 x−Φ2




1 y 0
0 1 yφ
0 0 1




x 0 0
0 xΦ 0
0 0 xΦ
2

Z(Γ) =


1 y 0
0 1 yφ
0 0 1

Z(Γ)
(5.102)
if and only if


1 xφx−1y 0
0 1 xφ
2
x−φyφ
0 0 1

Z(Γ) =


1 y 0
0 1 yφ
0 0 1

Z(Γ) (5.103)
if and only if
xφx−1y= y. (5.104)
Since y = 0, this implies xφx−1 = 1 and x ∈ Fixφ , that is


x 0 0
0 xΦ 0
0 0 xΦ
2

Z(Γ) =


x 0 0
0 x 0
0 0 x

Z(Γ) = Z(Γ). (5.105)
Example 5.2.2 Let L be an algebraically closed ﬁeld of characteristic 2 and let Φ be
a power of the Frobenius automorphism on L, say, Φ(a) = a2n , n ∈ Z+, all a ∈ L. Then
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the maps x → xΦ2x−1 and x → xΦx−1 are surjective: For any b ∈ L the polynomials
x2
2n−1−b= 0 and x2n−1−b= 0 have zeros in L since L is algebraically closed. Thus,
for any b∈ L there exist a,c∈ L such that aφ2a−1 = a22n−1 = b and cΦc−1 = c2n−1 = b.
Then the group (G,T ), deﬁned by (5.92) and (5.91), is a smart Suzuki 2-group.
Example 5.2.3 (cf. [2].) Let K be a ﬁeld of characteristic 2, Φ : K → K be a ﬁeld
automorphism. Put k = {tΦt : t ∈ K}. Assume that k is a subﬁeld of K. Let h : K → k
be a k− linear, additive map. Let
G=




1 x y
0 1 xΦ
0 0 1

 : x ∈ K,y ∈ k

 ;
T =




1 0 0
0 t 0
0 0 tΦt

 : t ∈ K

 . (5.106)
We deﬁne the group operation on G by

1 x t
0 1 xΦ
0 0 1




1 y z
0 1 yΦ
0 0 1

=


1 x+ y h(t+ z+ xyΦ)
0 1 xΦ+ yΦ
0 0 1

 (5.107)
for all x,y ∈ K, t,z ∈ k. Since h= h2, associativity holds in G:



1 x y
0 1 xΦ
0 0 1




1 a b
0 1 aΦ
0 0 1






1 z t
0 1 zΦ
0 0 1

=


1 x+a+ z t+ y+b+h((x+a)zΦ)+h2(xaΦ)
0 1 xΦ+aΦ+ zΦ
0 0 1

=


1 x+a+ z t+ y+b+h(xzΦ+azΦ+ xaΦ)
0 1 xΦ+aΦ+ zΦ
0 0 1

=


1 x+a+ z t+ y+b+h(xaΦ+ xzΦ)+h2(azΦ)
0 1 xΦ+aΦ+ zΦ
0 0 1

=


1 x y
0 1 xΦ
0 0 1






1 a b
0 1 aΦ
0 0 1




1 z t
0 1 zΦ
0 0 1



 (5.108)
T acts on G by conjugation. Furthermore, T acts transitively on involutions
I =




1 0 xxΦ
0 1 0
0 0 1

 : x ∈ K

 (5.109)
70
since


1 0 0
0 t−1 0
0 0 t−Φt−1




1 0 xxΦ
0 1 0
0 0 1




1 0 0
0 t 0
0 0 tΦt

=


1 0 zzΦ
0 1 0
0 0 1


(5.110)
if and only if (xt)(xt)Φ = zzΦ, t = zx−1.
G is a nonabelian Suzuki 2-group of exponent 4. T acts transitively on
G/I 




1 x 0
0 1 xΦ
0 0 1

 : x ∈ K

 (5.111)
since for any x,y ∈ K−{0},


1 0 0
0 (yx−1)−1 0
0 0 (yx−1yΦx−Φ)−1




1 x 0
0 1 xΦ
0 0 1




1 0 0
0 yx−1 0
0 0 yx−1yΦx−Φ

=


1 y 0
0 1 yΦ
0 0 1

 (5.112)
T acts freely on G/I, since


1 0 0
0 t−1 0
0 0 t−Φt−1




1 x 0
0 1 xΦ
0 0 1




1 0 0
0 t 0
0 0 tΦt

=


1 xt 0
0 1 xΦtΦ
0 0 1

=


1 0 0
0 1 0
0 0 1

 (5.113)
implies xt = 0. Hence, (G,T ) is a smart Suzuki 2-group with associated 2-cocycle
f : K×K → k satisfying
a f (x,y) =


1 0 h(xyφ )
0 1 0
0 0 1

 , (5.114)
the characteristic map α(x) = xxΦ and the commutator map β : K×K → k satisfying
aβ (x,y) =


1 0 h(xyφ + yxφ )
0 1 0
0 0 1

 (5.115)
for all x,y ∈ K.
71
Example 5.2.4 Let G = Q8 = {1,−1, i,−i, j,− j,k,−k} and T = {1,x,x2}. The
subgroup of involutions in G is I = {1,−1}. We deﬁne the action of T on G by ix = j,
jx = k, kx = i, 1x = 1 and (−1)x = −1. Then CT (I) = T . Put K = T ∪ {0} and
k = T/CT (I)∪{0˜}. Then the wide ﬁeld K ∼= F4 and the narrow ﬁeld k ∼= F2. Since
ix = ix = j, jx = k, ix
2
= k, jx
2
= i and k
x2
= j, T acts freely and transitively on G/I.
Therefore (G,T ) is a smart Suzuki 2-group.
Consider the following matrix representation of G: Let 1 =


1 0 0
0 1 0
0 0 1

, −1 =


1 0 1
0 1 0
0 0 1

, i=


1 1 0
0 1 1
0 0 1

, j =


1 x 0
0 1 x2
0 0 1

, and k =


1 x2 0
0 1 x
0 0 1

.
Let φ : K → K be the ﬁeld automorphism deﬁned by φ(x) = x2 for all x ∈ K. We deﬁne
a map h : K → k by h(0) = 0, h(1) = 1, h(x) = 1 and h(x2) = h(x+ 1) = 0. Then h
is k-linear and additive. The group operation in G is deﬁned by equality (5.107). The
characteristic map α : K → k of G is deﬁned by α(0) = 0, α(1) = α(x) = α(x2) = 1
where Kerα = T =CT (I) and Imα = k = T/CT (I)∪{0˜}= T/Kerα ∪{0˜} ∼= F2.
Example 5.2.5 For n ∈ N, let K = F22n , k = F2n and let φ : K → k be the ﬁeld
automorphism deﬁned by φ(x) = x2n for all x ∈ K. Let h : K → k be a k-linear, additive
map. Let G, T be the groups deﬁned by equality (5.106) where the group operation
on G is deﬁned by equality (5.107). Then (G,T ) is a smart Suzuki 2-group with the
characteristic map α : K → k deﬁned by α(x) = xφx for all x ∈ K. Note that for n= 1,
we obtain the example of quarternions.
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